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�e cable sagging problem of cable-driven parallel robots (CDPRs) is very complicated, because several models for calculating
cable sag based on the well-known catenary equation have been studied, but time and computational efficiency are a problem to be
solved. �ere is still no simple mathematical model to calculate cable sag by considering all relevant conditions due to the
complexity and nonlinearity of the cable sagging model, which involves many dominant variables and their influence on the
position accuracy of CDPRs. In this study, we proposed an ANFIS (adaptive neuro-fuzzy inference system) architecture to
estimate cable sag for large-sized CDPRs. �e ANFIS model can be used to solve nonlinear functions and detect nonlinear factors
online in the control system; this characteristic is consistent with the nonlinear model of cable sag. �e trained data for ANFIS
models were taken from calculation results by Trust-Region-Dogleg algorithm based on two cable tension calculation algorithms
as Dual Simplex Algorithm and Force Distribution in Closed Form. Cable sagging data obtained from ANFIS and Trust-Region-
Dogleg algorithm are compared and evaluated by statistical factors of evaluations consisting of root-mean-square error, cor-
relation coefficients, and scatter index.�e analytical results show that the ANFIS gave computed results with small errors and can
be applied to predict cable sagging for any CDPR configuration, with the advantage of fast calculation time and high precision.�e
results of these models are also applied on a CDPR that contains two redundant actuators.

1. Introduction

�e study on cable-driven parallel robots is receiving a lot of
interest from research institutions [1]. CDPRs have a lot of
advantages over traditional serial or parallel robots such as
large workspace with a simple structure, high payload, low
inertia, easy to transport and install, and low manufacturing
cost. A typical CDPR includes a base (fixed) frame (BF) and
moving platform (MP) connected and driven by cables and
winches. MP is controlled by cable winches, and these cable
winches are used as actuators to distribute cables and create a
movement for MP; they connect the BF and the MP through
anchor points and pulleys. �e structure of CDPRs is de-
scribed in Figure 1. With such transmission characteristics,
CDPRs are flexible in performing different tasks in service and
industry, especially with applications, and are required to
move the heavy objects at a large distance, such as working in
a large space [2, 3] or in rehabilitation mechanisms in
medicine [4] with high flexibility. Moreover, due to the good

density of dimension and power [1–4], the cost for developing
a CDPR is usually less than other robots. CDPRs are usually
classified into three types depending on the DOFs and the
number of cables. In general, a CDPR with m DOFs con-
trolled by n cables was called “underconstrained CDPRs” if n
is less than m+1; “fully constrained CDPRs” if n is equal
m+ 1; and “redundantly constrained CDPRs” if n is greater
than m+ 1. For underconstrained CDPRs, the poses (orien-
tation and position) ofMP depend on its gravity. For the other
two groups, the poses of MP depend on variable lengths of
driven cables of CDPRs [5]. �e main difference between
CDPRs and other structures is the cables used for the
transmission operating only with positive tension; this is to
ensure that the straight line of cables is maintained, thereby
ensuring the correctness of the kinematic problem and the
rigidity of CDPRs. However, the cable tension characteristic is
always positive limiting the application of CDPRs due to the
complexity of the controller and the determination of noise
errors. �e CDPRs are a good choice for applications that
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require moving large objects in a big workspace. However,
sagging and vibration of the cables cause reduction in the
accuracy of the position controller of MP. Static or quasi-
static models are often used to model the kinematic of CDPRs
when they are designed to operate at low speed and accel-
eration. Many studies assumed that cables were massless
straight cables [6–8], and this assumption applies to small-
sized CDPRs with light loads, but it may not be appropriate
for big-sized CDPRs with heavy loads.

Based on the elastic catenary for computing sag of cables
of Max Irvine [9], the influences of elasticity and cable mass
are combined in the computational model. A study of Kozak
et al. [10] showed the analysis result of the static model of
large-scale CDPRs with the influence of cable mass; due to
the sag of cables, static displacement of a uniform elastic
cable is also used to calculate the inverse kinematic and the
stiffness matrix of the CDPR. �is study can be applied not
only to determine the workspace with cable sag but also to
design large-scale CDPRs. Riehl et al. [11] studied the
problem of the effect of cable mass on the model of inverse
and forward kinematics of underconstrained CDPRs (the
number of DOFs equals the number of driven cables). �e
inverse and forward kinematics of the large-workspace 3-
DOF CDPRs driven by 3 cables were calculated based on the
elastic catenary model described by Irvine. �is paper
showed that for high-load or large-workspace CDPRs, the
influence of cable mass on the sag of cables and accuracy of
CDPRs is significant.�erefore, it needs to be analyzed when
designing and controlling the robot to achieve the desired
accuracy. Gouttefarde et al. [12] introduced a new simplified
static analysis of CDPRs, with the hypothesis that cables with
inelastic properties and negligible mass are used to drive the

CDPR; this cable model is derived from the famous sag cable
model, called a catenary equation, with the assumption that
the cable sagging is small, but it is necessary to clarify the
scope of the effectiveness of the method proposed in the
paper to apply to specific robot configurations. Merlet [13]
applied the interval analysis algorithm to solve the kine-
matics problem of CDPRs. Taking into account cable sag in
static state, the algorithm was experimented on CDPRs with
8 cables and achieved good results. Gia Luan et al. [14] have
developed a new process to generate semistatic and inverse
kinetic models for CDPM taking into account cable sag
using both analytical and experimental approaches. �is
model is valid only for CDPR working with low velocity and
small acceleration.

In this study, the first two algorithms Minimizing Total
Cable Tension [15, 16] and Force Distribution in Closed
Form [16, 17] are used to determine cable tension sets of a
CDPR. Next, the cable tension sets with corresponding
kinematic data are used to calculate cable sags based on
Irvine’s cable sagmodel. Finally, the calculation results of the
cable sag model will be used to build the ANFIS model to
predict cable sags for CDPR, in which the input data are the
position and orientation of the MP. �e computation result
shows that these ANFIS models are suitable to predict the
cable sagging of large CDPRs to reduce the time con-
sumption to determine cable sagging in specific cases. �e
results from these experiments and simulations are pre-
sented and analyzed in Section 6.

2. Mechanical Structure Analysis

2.1. Kinematics Problems. �e relationship of the cable
lengths (variable joints) and the poses of the moving plat-
form of CDPRs were represented by the kinematics prob-
lems. Figure 2 illustrates the structure of the multicable
parallel robot. �e general structure of the CDPRs is
composed of a moving platform and a base frame connected
by n cables through the anchor pointsAi and Bi (i� 1, . . ., n),
respectively, ai and bi represents vector OAi and OpBi in the
B-frame and E-frame. In the general case, the position and
orientation of MP are represented by (r, R), where vector r
represents the positions of origin of E-frame or the OOP
vector and the rotation matrix R represents the orientation
of the E-frame in B-frame. �e joint variables of the CDPRs
are represented by li, which are the length of the driven
cables i. Inverse kinematics of CDPRs can be obtained as
follows: [6, 15, 18]

li � ai − r − Rbi. (1)

Rotation matrix R can be obtained based on the roll-
pitch-yaw convention as follows:

R � Rz(c)Ry(β)Rx(α) �

cccβ ccsβsα − sccα ccsβcα + scsα

sccβ scsβsα + cccα scsβcα − ccsα

−sβ cβsα cβcα

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (2)

Winch 1 Winch 2

Winch iWinch n

Moving
platform

z

x y

cable

Figure 1: Structure of CDPRs.
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In equation (2), s and c denote the sine and cosine,
respectively, and α, β, and c denote rotations around the x, y,
and z axes of the rotation matrix, respectively. By trans-
forming equation (1), we obtained

l
T
i li � ai − r − Rbi( 􏼁

T
ai − r − Rbi( 􏼁. (3)

�e inverse kinematic for each cable of the CDPR is as
follows:

li
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2

� ai

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2

+|r|2 + Rbi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2

− 2ai r + Rbi( 􏼁. (4)

�e CDPR velocity kinematics problem shows the re-
lationship between the velocity of MP and the velocities of
the driven cables or the angular velocities of the motors.
_r � [ _x, _y, _z]T ∈ R3represents the linear velocity of tool
central point (Op) of MP on B-frame,
ω � _θx

_θy
_θz􏽨 􏽩

T
∈ R3 is the angular velocity of MP along

the three coordinate axes x, y, and z of B-frame, and v �

_r ω􏼂 􏼃
T ∈ R6 represents the velocity vector of MP and

consists of both the angular velocities and linear velocities of
MP of CDPR. J (n× 6) is the Jacobi matrix of CDPRs.
Differentiating (1) concerning time, we obtain inverse ve-
locity kinematic as follows:

_l � J.v, (5)

where _l � _l1
_l2 . . . _ln􏽨 􏽩 are the vector of cable velocities

and J is the Jacobian matrix, as follows:

J �
u1 . . . un

b1 × u1 . . . bn × un

􏼢 􏼣

T

, (6)

where bi represents the position vectors of anchor point Bi
on the MP relative to the origin Op in E-frame and ui �AiBi/
||AiBi|| is the unit vector of ith cables in B-frame.

�e angular velocity ω � _θx
_θy

_θz􏽨 􏽩
T
∈ R3 can be

obtained by deriving the rotation angles α, β, and c with the
rotation Jacobian matrix Jr as follows:

_θx

_θy

_θz

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
�

cccβ −sc 0

sccβ cc 0

−sc 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

_α
_β

_c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (7)

Representing (7) as a matrix

ω � Jrωr. (8)

To satisfy the equilibrium equation of CDPRs, the sum of
the acting forces and the cable tensions has to satisfy the
following equation:

􏽘

m

i�1
τi + Fp � 0, (9)

􏽘

m

i�1
bi × τi( 􏼁 + Mp � 0, (10)

where Fp andMp are the vectors of the external torques and
forces acting on MP, respectively; τi is the vector of tension
forces that each cable acts upon the end effector; and vectors
bi represent the positions of anchor point Bi on the MP
relative to the origin Op in E-frame. From the cable direction
shown in Figure 3, with the unit vectors ui, the direction of
the forces τi can be obtained as follows:

τi � τiui. (11)

From equations (9)–(11), we can have

u1 . . . um

bi × u1 . . . bm × um

􏼢 􏼣

τ1
⋮

τm

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +
Fp

Mp

⎡⎣ ⎤⎦ � 0. (12)

By defining

A �
u1 . . . um

bi × u1 . . . bm × um

􏼢 􏼣, (13)

wp �
Fp

Mp

􏼢 􏼣, (14)

where τ � τ1 τ2 . . . τm􏼂 􏼃.
Equation (12) can be rewritten as

Aτ + wp � 0, (15)

where τ is the vector of the cable tensions (n× 1); A= JT is
the structure matrix of the CDPRs (m× n); and wp is the
vectors of the external wrenches applied on the center of MP
(m× 1).

Lagrange equations type 2 or Newton–Euler equations
can be used to derive the dynamic model for the CDPRs.�e
advantage of this form of the equation is that it is easy to
solve and reduces calculation time. However, when deter-
mining the dynamic model, different methods can be used to
simplify the calculation process. In this section, the dynamic
model is developed, taking into account the cable models

Ai

li

ai
ui

biBi

Op

(r,R)

O
B Frame

E Frame
(Px, Py, Pz, α, β, γ)

Figure 2: Kinematics model of CDPRs.

Mathematical Problems in Engineering 3



and different subsystems; from [18] and equation (15), the
dynamic equation of the CDPR is represented as

Aτ − Ι _v − Cv + wp + wg � 0, (16)

where I is the inertia matrix of the MP in B-frame, C is the
Coriolis and centrifugal wrench matrix, and wg is the gravity
wrench matrix. In the general case, the centroid of mass G of
MP does not coincide with the origin of the E-frame.
�erefore, matrix I has the following form:

I �

mpI3

M􏽢Gp

M􏽢Gp

Ip

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (17)

where mp is the mass of MP, I3 (3× 3) is the identity matrix,
Gp � [Gx Gy Gz]T is the position vector of Gp in E-frame, and
M􏽢Gp is the skew-symmetric matrix associated with the first
momentum of MP in E-frame MGp:

M􏽢Gp � R mpGx mpGy mpGz􏽨 􏽩
T
. (18)

Matrix Ip is the inertia tensor matrix of MP obtained
based on the Huygens–Steiner theorem:

Ip � RIgR
T

−
M􏽢GpM􏽢Gp

mp

, (19)

where Ig is the inertial tensor of MP and wg is the gravity
wrench matrix given in the following equation:

wg �
mpI3

M􏽢Gp

⎡⎢⎢⎣ ⎤⎥⎥⎦g. (20)

�e Coriolis and centrifugal wrench Cv have the fol-
lowing form:

Cv �
􏽢ω􏽢ωMGp

􏽢ωIp 􏽢ω
⎡⎣ ⎤⎦. (21)

Equation (21) represents the relationship between the
kinematics, statics, and dynamics of the CDPRs, and this
model is used to determine the workspace, tension distri-
bution set, and controller of CDPRs.

�e workspace of CDPRs is usually classified into two
types: the wrench-feasible workspace (WFW) and the
wrench closure workspace (WCW). �e wrench-feasible
workspace defines a set of poses of the MP, wherein the cable
tension set can satisfy Aτ + wp � 0 with the finite external
wrench wp ∈ f and positive tensions τ > 0. �e wrench
closure workspace defines a set of poses of the MP wherein
the cable tensions set can satisfy Aτ + wp � 0 with any ex-
ternal wrench wp and positive tensions τ > 0. From equation
(15), for each pose of the MB, we have to find the combi-
nation of tension forces to balance it with the external forces,
which can be obtained by inverting the AT matrix.

τ � − AT
􏼐 􏼑

− 1
wp. (22)

Because structure matrix AT is not square, Moore-
pseudo-inverse matrix can be used to solve equation (15).
�ere are some methods to determine the existence of so-
lutions for an inequality system such as pseudo-inverse
matrix, linear programming, and interval analysis. �e cable
configuration of CDPRwith 6 DOFs in this study is shown in
Figure 4. �e base frame, {B}, is placed at the center of the
lower surface of the robot frame. �e MP is a rectangular
frame connected to the base frame by anchor points Ai and
attaches points Bi; li is the Euclidean norm cable lengths. In
all cases i� 1, . . ., 8. �is structure has no WCW because
there is no set of τ to satisfy equilibrium equation (15) with
any external wrench. �e static workspaces of CDPR are
shown in Figure 5 determined by the linear programming
algorithm; with this configuration, the external wrench is
ignored, as the force has only gravity force caused by the
weight of MP with end effector, so the workspace of this
CDPR is proportional to the payload (mass of MP). In the
same condition, when changing the payload placed on MB,
the workspace also changes; the larger the payload, the
greater the workspace. Based on this feature, a suitable
trajectory can be designed, depending on the mass of the
MP.

3. Determination of Cable Tension Set: Dual
Simplex Algorithm vs Force Distribution in
Closed Form

3.1. Determination of the Cable Tension Set. �e analysis of
the tension distribution for the cables of CDPRs was a
complex issue in the development of the CDPRs. �e
problem to be solved is to find the positive tension sets of
cables for the poses of the MP satisfying the following force
equilibrium equation:

Aτ � −wp with 0< τmin ≤ τ≤ τmax, (23)

P

Ti

ui

Bi

bi

fP
τP

Figure 3: Force distribution on the moving platform.
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where A (m× n) is the wrench matrix of CDPR; τ represents
cable tensions vector (n× 1); wp (m× 1) is the vectors of the
external wrenches applied in the center of mass MP in-
cluding inertia and gravity;τmin is the lower limit of cable
tensions to ensure that the cable is always in tension; and
τmax is the upper limit of cable tensions to ensure that the
motor or cable is not overloaded. �e important issues for
calculating the solution of tension distribution of CDPRs are
as follows:

(i) Is there at least one solution τ satisfying equation
(23) for a given pose? �is condition is also used to
calculate the workspace of CDPRs.

(ii) How to determine tension distribution solution so
that the sum of the cable tensions is minimal (for
example, to reduce power consumption purpose)?

(iii) How to determine solutions of continuous cable
tension distribution along a trajectory (e.g., for force
control purposes)?

In this section, the set of cable tensions was obtained by
two algorithms: Dual Simplex Algorithm [15] and Force
distribution in Closed Form [16, 17]. �e results of these
methods are used as input for the corresponding cable sag
problem. Equilibrium equation (23) was used to define the
cable forces τi. With a feasible position, we can obtain
infinite solutions, or there are existing and infinite valid
combinations for the tension set. Since the number of cables
is more than the number of degrees of freedom, for a po-
sition of MP, there are many tension sets satisfying the
equilibrium equation. To obtain one desired solution out of
these feasible solutions, mathematical techniques are used.
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Figure 4: Kinematics structure of the CDPR with 6 DOFs and 8 cables.
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To choose the desired solution from among these possible
solutions, mathematical methods will be applied.

3.2.Dual SimplexAlgorithm(DSA). In the case of finding the
tension solutions of the CDPRs satisfying force equilibrium
equation (23) with the minimum requirement of the total
value of the cable tension set, the problem of finding tension
set becomes a linear programming problem [19, 20]. �e
objective function is minimized described as follows:

F � cTτ. (24)

Subject to constraints,

Aτ � −wp, (25)

0≤ τmin ≤ τ≤ τmax. (26)

�e Dual Simplex Algorithm was used to find tension
solutions. Problems (24)–(26) were solved as a constrained
linear programming problem, where c� [c1; c2; . . .; cn] ∈Rn is
the cost vector; τ � [τ1; τ2; . . .; τn] is the tension vector of the
cables equivalent to variable vector with necessary condi-
tions (τ > 0); A ∈Rm×n is the structure matrix of CDPRs;
wp � −b ∈Rm is the external force vector; and τmin and τmax
are the upper and lower bounds of tension. �e calculation
procedure and results of this method are presented in [15].

3.3. Forces Distribution in Closed Form (FDCF).
Minimizing tension sets of Dual Simplex Algorithm has an
advantage that minimizes power consumption of the system.
�is is important for some applications that require long
working hours and large payloads such as rapid prototyping,
construction 3D printing, and moving large objects along
large distances. But, the limitation of this method is the
discontinuity of the rope tension along the moving trajec-
tory, which makes it difficult to control the robot. In this
section, force distribution in the closed-form method is the
noniterative method of computation time suitable for real-
time control [16, 17]. In this section, force distribution in
closed form for p � 2 was used to distribute the cable
tension. �e root of this solution is based on dividing the
tension vector into t parts:

τ � τA + τv, (27)

where τA � (τmin + τmax)/2 is the average of the lower and
upper limit of tension and τv is a random force vector.
Substituting equation (27) into equation (23), we obtain

A τA + τv( 􏼁 � −wp, (28)

Aτv � −wp − AτA. (29)

�e tension distribution is continuous along the tra-
jectory of MP if it is close to the vector τA using a p-norm
with (2≤ p≤∞) [5]. To improve the stability of CDPR, the
solution is to choose the tensions close to the average value
of τmin and τmax. �e purpose is to facilitate the control of
cable tension that does not approach or exceed the force

limit of the actuator or lower limit of cable tension. �e
proposed method is to transform the problem from finding
the solution of positive tension in the cable to finding the
least squares using equation (34). Here, the Euclidean cri-
terion (p � 2) was used to define the least-squares solution
τA in equation (29). �is can be done by a pseudo-inverse
matrix for a matrix with more columns than rows. If A+ is
pseudo-inverse of A, then

A+
� ATA􏼐 􏼑

− 1
AT

. (30)

Multiplying both sides of equation (29) by A+, we obtain

τv � A+
−wp − AτA􏼐 􏼑. (31)

Substituting equation (31) into equation (27) yields

τ � τA − A+ wp + AτA􏼐 􏼑. (32)

�e simulations are based on 6-DOF and 8-cable CDPR
as shown in Figure 4. �e same trajectory is simulated to
compare the result of the two proposed force distribution
algorithms for computing the tension sets.�eMP is to track
a square and a circular trajectory in the XY plane. Figure 6
shows joint motion trajectories for 1000m square path with
Z� 1050mm divided into 81 node points, and Figure 7
shows joint motion trajectories for 1600mm-diameter cir-
cle path with Z� 1000m divided into 126 node points. �e
tension sets of cables were computed, respectively, by Dual
Simplex Algorithm (DSA) and Force distribution in Closed
Form (FDCF). �e eight subplots illustrate the tension
profile of each cable along the trajectory. �e computation
results show that DAS gives the tension set with the sum of
cable tensions which is smallest in both trajectories. How-
ever, the values of cable tensions tend to approach the lower
boundary value and change abruptly at the node points.
Meanwhile, FDCF gives more continuous cable tension and
there is no sudden change in cable tension profiles, especially
with the continuous trajectory of the circle.�e cable tension
also continues along the moving trajectory, which is con-
venient for controlling the robot.

4. Cable Length Computation with
Cable Sagging

For large CDPRs, cable sag significantly affects the accuracy
of positioning when calculating the inverse kinematics
problem. However, due to the nonlinearity of the cable
model, the inverse kinematics of cable robots taking into
account cable sag become quite difficult to compute. As-
suming that the catenary model is only affected by its gravity,
the effects of external forces such as wind or nonuniform
mass distribution along the cable are ignored. �e cable sag
model between two points B and M is shown in Figure 8,
where B and M are the attachment points of cables on the
base frame and moving platform, respectively, LS is the
distance between points B and M, L denotes the length
between B and M taking into account sag of the cable, g is
the gravity acceleration, τ is the cable tension at pointM, and
τx and τz is the component cable tension of τ in the x and z
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Figure 6: Tension of 8 cables of 1600mm square path DSA vs FDCF, with z� 1050mm.
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Figure 7: Tension of 8 cables of 1600mm circle path TRDA vs ANFIS, with z� 1000m and 126 note points.
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axes. Similarly, τBx and τBz are the component cable tension
in the x and z axes at point B, and (xm, zm) are the coor-
dinates of M in theXZ frame. Considering a nonstretch cable
model as shown in Figure 8, well-known equations of static
catenary displacement are simplified as follows [9–15]:

xm �
τx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ρLg
sinh−1 τz

τx

􏼠 􏼡 − sinh−1 τz − ρL gL

τx

􏼠 􏼡􏼢 􏼣, (33)

zm �
1

ρLg

������

τ2x + τ2z
􏽱

−

��������������

τ2x + τz − ρLgL( 􏼁
2

􏽱

􏼔 􏼕, (34)

τ �

������

τ2x + τ2z
􏽱

, (35)

where ρL denotes the linear density of the cable material and
g is the gravity acceleration.

�e sag model in (33)–(35) is a system of equations
representing the nonlinear relationship of theoretical cable
length, cable tension, sag cable length, and component cable
tensions; this is a system of nonlinear equations that can be
solved by a numerical method. �e Trust-Region-Dogleg
algorithm [21] was used to solve this system. Equations
(33)–(35) are rewritten as equation (36) with the definition
“Given a set of n nonlinear functions Fi(x), where n is the
number of elements in the vector x, the goal of this algorithm
is to find a vector x that makes all Fi(x) = 0.”

Fi �

τx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ρLg
sinh− 1 τz

τx

􏼠 􏼡 − sinh− 1 τz − ρL gL

τx

􏼠 􏼡􏼢 􏼣 − xm,

1
ρLg

������

τ2x + τ2z
􏽱

−

��������������

τ2x + τz − ρLgL( 􏼁
2

􏽱

􏼔 􏼕 − zm,

������

τ2x + τ2z
􏽱

− τ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(36)

where n� 3, x� [τx τz L].
For each input condition (τ xmzm) in Sections 3 and 4,

the Trust-Region-Dogleg algorithm will result in the cable
length with sagging and two-component cable tensions x�

[τx τz L].�e result of this step is used for training the ANFIS
algorithm in the next section for computing the sag of cables
in the whole workspace of CDPRs.

5. ANFIS

With the rapid development of information technology, soft
computing techniques (SCTs) are used to solve many
problems in engineering such as geological industry [22, 23],
construction [24], mobile robot [25], and industrial robot
[26, 27]. Here, the ANFIS structure is one of the useful
algorithms of SCT usually used to calculate the kinematics
and trajectory planning of the robot. Duka [26] applies
ANFIS to calculate the inverse kinematic problem of 3-DOF
planar robot; this model was built based on the data obtained
from forward kinematics. Narayan et al. [27] developed a
method to generate the path for 5-DOF spatial industrial
serial robots based on ANFIS. �is section describes the
application of the ANFIS structure (adaptive neuro-fuzzy
inference system) to predict cable sagging based on the
reference results of Sections 3 and 4. ANFIS is structured
based on the Takagi–Sugeno fuzzy inference system. Roger
Jang was one of the first to develop the ANFIS structure. the
ANFIS architecture can be used to determine the online
nonlinear components in the control system and model
nonlinear functions [28]. ANFIS is a combination of FIS
(fuzzy inference system) with the learning mechanism of an
artificial neural network in determining the membership
functions or fuzzy rules from the training data. �erefore, it
is possible to generate an ANFIS model from a nonlinear
representation of the system based on the ability of ANFIS to
learn from training data. In the next section, the ANFIS
model is used to define the fuzzy rules and membership
functions of the FLC to achieve the desired input-output
mappings.

�e structure ANFIS consists of five layers [29]; assume
that the fuzzy system has p inputs xi, i� 1, . . ., p, and let Ol,i
be the output symbol of node i in layer l, respectively. All
nodes in layer 1 are adaptive nodes (square nodes):

O1,i � Νi xi( 􏼁 for i � 1, ..., p. (37)

�e node functions N1, N2, . . ., Nk have the same role as
the membership function μ(x) of the fuzzy system, and k
denotes the number of nodes of each input.�emembership
functions have many different forms, of which the bell-
shaped is the typical choice.

All nodes of layer 2 are circle nodes (fixed nodes). �e
output O2,i in this layer is a product of AND function for all
the output signals of layer 1. Each node output of this layer
represents the firing strength of the reasoning rule:

O2,i � Ml xl( 􏼁Mj xj􏼐 􏼑. (38)

Layer 3 also contains fixed nodes, and outputs of this
layer will be called normalized firing strengths which are
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Figure 8: �e cable sag model between two points.
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used to determine the ratio of the ith rule’s firing strength by
summing of all these rules.

O3,i �
O2,i

􏽐 O2,i

. (39)

Layer 4 contains adaptive nodes and is used to perform a
Sugeno-type fuzzy system; this class performs the integra-
tion of the sum of the input variables x1, x2, . . ., xp and
constant factor c1, c2, . . ., cp, from the output of IF-THEN
rules.

O4,i � O3,i 􏽘

p

j�1
Pjxj + cj􏼐 􏼑, (40)

where c1, c2, . . ., cp and P1, P2, . . ., Pp are the parameter set of
this layer, also called the consequential parameters.

Layer 5 contains a circle node; this single node is used to
compute the overall output by summing all input signals,
this is the defuzzification step performed by the weighted
average method.

O5,i � 􏽘
i

O4,i. (41)

�e above ANFIS model can update parameters by using
the gradient descent procedure. Some ANFIS structures
have a lot of FIS types, and defuzzification methods can be
found in Jang [28]. In this section, the cable sagging is
predicted by the first-order Sugeno fuzzy model [29].

According to the calculation results mentioned in Sec-
tions 2–4. �e cable sagging calculation model is a highly
nonlinear model due to the dynamic constraints and
equilibrium conditions of the system. �e problem of cal-
culating cable sag for cable robots is a multi-input andmulti-
output system. To solve the problem of calculating cable
presented in this work, a parallel ANFIS system is proposed.
�is system depicted consists of 8 parallel 1-degree-of-
freedom layers, where all of them take the Cartesian co-
ordinates of the MP as input. �e ANFIS model was de-
veloped for inverse kinematics of CDPRs taking into account
cable sag illustrated in Figure 9. �e position vector of MP
(R6) is used as input to ANFIS models, which are nonlinear
inputs to calculate cables according to constraints and
calculation in Sections 2–4. �e Sugeno model with 81 rules
and Gaussian membership functions (GMFs) are used to
structure ANFIS. In this study, six inputs are presented by 3
GMFs and the membership functions are defined by
equation (42). �e number of membership functions of each
ANFIS was established experimentally.

μAi x; ci, σi( 􏼁 � exp −
1
2

x − ci

σi

􏼠 􏼡

2
⎛⎝ ⎞⎠, (42)

where x is the input of node i, the GMFs are defined by two
premise parameters (ci, σi); ci is the center of GMFs, and σi is
the width of GMFs.�e shape of GMFs depends on the value
of these premise parameters with a minimum equal to 0 and
a maximum equal to 1.

ANFIS structure phase i (1, . . ., 8) is a multilayer
feedforward adaptive network. Layer 1 has 3 input nodes

including the Gaussian transfer functions, and this layer is
used to transfer input values to linguistic values, where the
input values are the Cartesian coordinates of poses of
CDPRs. MP position coordinates and cable sagging are used
as ANFIS training data, where 6 coordinates represent MP
position role as input and cable sagging role as the corre-
sponding output for ANFIS. �e hybrid algorithm is used in
the training process to adjust the weights and generate fuzzy
rule bases that will stop when the training error is equal to
setting up an error or the values of present epochs are over
the setup values. �e consequence parameters of rule
functions are adjustable automatically by the least square
method of a hybrid learning algorithm [29].

6. Experiments and Discussion

6.1. Computation. In this section, experiments are imple-
mented on overconstrained CDPRs and this structure is
illustrated in Figure 4. �e parameters of the robot are
shown in Table 1. To evaluate the effectiveness of the model,
the sag of cables S data generated by TRDA and ANFIS was
compared by correlation coefficient (CC).

CC �
􏽐

n
i�1 STRi − STR( 􏼁 SANi − SAN( 􏼁

���������������

􏽐
n
i�1 STRi − STR( 􏼁

2
􏽱 ����������������

􏽐
n
i�1 SANi − SAN( 􏼁

2
􏽱 , (43)

where STRi and SANi represent the computed and predicted
sag, respectively, STR and SAN are the average value of
computed and predicted sag samples, and n denotes the
number of samples. �e higher the CC value, the better the
fit of the results from the predictive model to the compu-
tational method. For an accurate evaluation, scatter index
(SI) and root-mean-square error (RMSE) are also applied
with the following equation:

SI �
RMSE

STR

, (44)

RMSE �

����������������

1
n

􏽘

n

i�1
STRi − SANi( 􏼁

2

􏽶
􏽴

. (45)

�e test data and trained data are obtained by the process in
Sections 3 and 4. �e sag data of 8 cables are collected in the
whole of the feasible workspace of the cable robot with
specification in Table 1. More than 8000 poses of MP were
obtained by the invert kinematic problem. For each specific
position of MP, a set of tensions has been calculated by Dual
Simplex Algorithm and Force Distribution in Close Form.�e
result of invert kinematic and corresponding tensions was used
as the inputs of the Trust-Region-Dogleg algorithm to find 8
corresponding lengths of cables taking into account sags of
cables. In general, cable sagging is a function that depends on
cable length, cable tension, and cable position in space.

Table 2 shows test data and trained data used to calculate
statistical measurements; 8420 data samples for training and
1000 data samples for the test were used to analyze the
obtained data between TRDA and the ANFIS. Both models
were built based on FDCF, and all ANFISmodels for 8 cables
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show the trained data have CCs higher than 0.9800 and for
test data, they are higher than 0.9900. RMSE is less than
0.1403 and 0.1286 for trained data and test data, respectively,

while SI is less than 0.3832 and 0.2132 for trained data and
test data. Table 2 and Figures 10 and 11 show that the error of
ANFIS models is suitable for predicting sag of cables with all
correlation coefficients higher than 0.98.

Next, the trajectories that control the robot to move
along the basic paths are calculated by both TRDA and
ANFIS methods with 2 methods of calculating cable tension,
DSA and FDCF, to evaluate the response and accuracy of the
ANFIS model in both cases. Figure 12 shows the trajectory
and joint responses of CDPRs for the circle path with radius
1000 (mm) and z 1000 (mm). Figure 13 shows the trajectory
and joint responses of CDPRs for the square path with side
1600 (mm) and z 1050 (mm); both of the paths were placed
on the XY plane and divided into multiple knot points.

An algorithm performs whether these points are in the
workspace of the robot or not (satisfying the equilibrium
equation (23)). If the trajectory is possible, these coordinate
data will be inserted into the algorithm to find the corre-
sponding cable tension. In the first method, the DSA or
FDCF was used to find the set of tension combinations,
provided that the tension force must be within the upper and
lower limit; the lower limit of the tension is selected based on
the equilibrium conditions, ensuring the rigidity and sta-
bility of the moving platform. �e upper limit of the ten-
sioners is selected based on the motor capacity. �e Trust-
Region-Dogleg algorithm and ANFIS were used to calculate
the cable length, taking into account cable sag. For the
second method, only the ANFIS model for DAS or FDCF
was used to predict the cable length taking into account the
sag of cables.
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Figure 9: Proposed ANFIS architecture for cable sagging prediction.

Table 1: Specification of the cable robot.

Specification
Degree of freedom 6 (3 rotations, 3 prismatic)
Number of cables 8
Fixed frame size (m) 6× 6× 3
End effector size (m) 0.4× 0.4× 0.6
End effector load (kg) 120
Workspace L x W x H (m) 5× 5× 2.5
Linear density of cable ρL(kg/m) 0.1543
Diameter of cables (mm) 5

Table 2: �e ANFIS model with correlation coefficients of eight
cables.

Cable i
Trained data Test data

CCtrain RMSE SI CCtest RMSE SI
1 0.9828 0.1348 0.3644 0.9912 0.1203 0.1935
2 0.9866 0.1173 0.3348 0.9948 0.0988 0.1645
3 0.9845 0.1266 0.3417 0.9911 0.1182 0.1905
4 0.9864 0.1132 0.3244 0.9927 0.1138 0.1891
5 0.9834 0.1279 0.3478 0.9908 0.1220 0.1948
6 0.9877 0.1105 0.3176 0.9909 0.1286 0.2132
7 0.9803 0.1403 0.3832 0.9903 0.1276 0.2039
8 0.9829 0.1297 0.3740 0.9922 0.1223 0.2019
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Figure 14 shows the computation results of the sag of 8
cables when the robot moves along the 2m-diameter circle
path at z� 1000m. �e simulation trajectory is continuous,
showing that all the node points are in the WFW. �e cable
lengths change from 3400mm to 5700mm with 126 node
points. �e sags of cables were computed by two methods,
TRDA and ANFIS, based on Dual Simplex Algorithm to
minimize the sum of tension forces of CDPRs. �e TRDA
generated the sag response curve with undulation, while the
sag response curve predicted by ANFIS is more continuous.
�e maximum error is 1.1111mm according to this tra-
jectory. �e largest errors tend to occur where the sag
changes abruptly in response to a sudden change in the
corresponding tension, while the maximum RMSE is only
0.2521mm; this shows that the number of large errors is
small, occurring only at the points where the cable sag has a

large change. Figure 15 shows the computation results of the
sag of 8 cables when the robot moves along the 2m-diameter
circle path at z� 1000m and with 126 node points; the sags
of cables were computed by two methods TRDA and ANFIS
based on Force Distribution in Closed Form. Similar to
Figure 14, TRDA also generated the sag response curve with
undulation but without sudden changes in cable sag values,
while the sag response curve predicted by ANFIS is more
continuous and both change along the corresponding joint
trajectory and tension of cables in Figure 7. �e maximum
error is only 0.1621mm according to this trajectory with the
maximum RMSE only 0.0668mm.

�e offset length of each cable is inversely proportional
to the tension and cable length. Because the cable is inelastic,
the offset length is always positive. �e longer the cable and
the larger the cable weight, the greater the cable. For cable
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tension, when the tension is bigger, the cable has more
tension, so the smaller the cable. �e results of this calcu-
lation showed that this calculation method gives suitable
results, which can be applied to calculate the control effect
for the winch actuators. �e tension of all cables is main-
tained equal to or greater than the lower bound τmin set at
50N and less than the upper bound τmax, set at 500N.
During this trajectory, the offset lengths range from 0mm to
a maximum of 2mm.When the cable tension is greater than
300N, the offset length reaches zero (mm).

Figures 16 and 17 show similar results for the trajectory
of the 1600mm square path with z� 1050mm. �e maxi-
mum error and RMSE of 0.9383mm and 0.2006, respec-
tively, for the ANFIS model based on DSA are much larger
than the results calculated by the ANFIS model based on
FDCF with max error� 0.1610mm and RMSE� 0.0548. �e
calculation results show that the ANFIS model based on the
FCDR tension synthesis algorithm gives better accuracy than
that of the DSA algorithm with the same computational

trajectory as well as for trained data and test data. �e re-
sponse of the ANFIS is suitable for calculating the trajectory
problem for large-sized cable robots, with a faster calculation
time than the numerical method. Continuity is guaranteed
for controllers designed for different cable robot configu-
rations. In general, the errors in this work depend on the
data collectionmethod, because the relationship between the
input and the output is highly nonlinear, in which the output
reference data are used to build the cable prediction model
depending on the method of calculating the cable tension
distribution and the coordinates of the MP. �e cable
tensions corresponding to the positions of the MP must
satisfy the constraints of kinematics and dynamics. In this
paper, two methods DSA and FCDR are selected to generate
the cable tension sets and they give different errors. �e
ANFIS model gives a better response with FCDR due to the
continuity of the cable tensions and the data are taken over
the entire workspace of the analyzed robot configuration
with a large number of sample coordinates, thus limiting the
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influence of the uncertainty of input data. �is has been
verified through the calculation results of the ANFIS model
for the number of test data being 1000 random samples.

6.2. Experiment. �e prototype of CDPR and moving
platform and parameters are shown in Figure 18 and Ta-
ble 1. �e control system structure [3] has eight similar
subcontrollers for controlling eight winches. Each sub-
controller contains a set of AC servo motors and feedback
sensors controlled by Card PCI-1285-AE 8-Axis DSP-
Based Soft Motion Controller through two CIRCUIT

MODULE ADAM 3956 AE boards. Each cable is stored
inside the winch and delivered by AC Delta Servo Motor
ECMA-C20604RS-400W. �e feedback control data are
the length and the tension of each cable obtained using an
encoder and a loadcell placed in the winches. �e encoder
will collect feedback signals for the AC servo controller,
while the loadcell provides the tension of the cable and
transmits it to PC via the AD converter. �e PC acts as a
central controller, having the function of calculating and
giving control signals to the subcontrollers based on the
requested trajectory and feedback signal from the control
elements.
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�e experimental data are measured in a stationary state
at the nodal points due to the limitation of the measurement
technique. Two fixed cameras were installed on the top and
side of CDPR (Figure 18) used to capture the MP position at
node points. An image processing program had been de-
veloped to determine the actual coordinates of the MP based
on the pixel coordinates obtained from the images of the two
cameras. �is program has been corrected to match the
position of the CDPR and the camera.

�e set of experimenting positions is taken fromwrench-
feasible workspace randomly and listed in Table 3. �e
CDPR is programmed to move through multiple nodes with
linear interpolation with the robot control system. �is
control system consists of two closed-loop controllers. �e
first controller uses the cable tension and poses MP as
reference signals.�e second controller is an AC servo driver
with a PID position controller; it controls the AC servo
motor with an encoder signal feedback.�e robot will stop at
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Figure 15: Sag of 8 cable of the 1000m-radius circle path, with z� 1000m.
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11 node points. while measurement and error calculations
have done. �e experiment results are presented in Table 3,
and equation (46) was used to calculate the errors.

Exi Eyi Ezi Eαi Eβi Eci􏼂 􏼃
T

� xDi yDi zDi αDi βDi cDi􏼂 􏼃
T

− xAi yAi zAi αAi βAi cAi􏼂 􏼃
T
.

(46)

�e converted signal of loadcells for measuring tensions
and the signal of encoders for measuring the length of

cables are shown in Figures 19 and 20 when CDPRs are
moving along the trajectory. �e experiment was com-
pleted in about 10 minutes with 100 samples/min. How-
ever, the robot had to stop for a period to facilitate
measuring the position of the moving platform. �e robot
will stop at 11 node points (dot-dash lines) for measuring
the position of the robot. �e robot moves at pose P1 � [4 4
404 2.3 0.5 0.9]T and finishes at P11 � [−360 40 440 0 0 0]T.
�e cable tension diagram shows that there are fluctuations
with larger amplitude at the time of moving a segment at
the dot-dash lines, leading to a jerky phenomenon at the
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Figure 16: Sag of 8 cable of the 1600mm square path, with z� 1050m.
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beginning. �is is due to the overshoot of the PID
controller.

Figure 21 shows the node points and moving orientation
of the experiment with the size of the nodes representing
their error values; the larger the size, the larger the error.�e
position error of the cable robot can originate from the

following reasons: accuracy of mechanical structure, the
large size of the robot, error of control, error of the actuator,
error of cable distribution, cable heterogeneity, and espe-
cially the error of measurement methods and measuring
equipment. Table 3 and Figure 21 also show that the error
tends to increase when the MP is at a low position or the
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Figure 17: Sags of 8 cables of the 1600mm square path TRDA vs RNN, with z� 1050m.
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Camera

(a) (b)

Figure 18: CDPR prototype (a); moving platform (b).

Table 3: Experiment result of our CDPR with 11 node points.

Pose Desired positions (mm) Actual positions (mm) Errors (mm)
(xDi, yDi, zDi, αDi, βDi, cDi) (xAi, yAi, zAi, αAi, βAi, cAi) (Exi, Eyi, Ezi, Eαi, Eβi, Eci)

P1 (4, 4, 404, 2.3, 0.5, 0.9) (−8, −9, 413, 8, 6, 7) (12, 13, −9, −5.7, −5.5, −6.1)
P2 (400, 400, 800, 2.3, 0.5, 0.9) (348, 390, 812, 7, 7, 9) (16, 10, 12, −4.7, −6.5, −8.1)
P3 (−200, −100, 1000, 17.2, 17.2, 22.9) (−208, −107, −1007, 12, 10, 18) (8, 7, −7, 5.2, 7.2, 4.9)
P4 (−1050, −250, 1055, 5.7, 22.9, 34.4) (−1042, −241, −1059, 9, 17, 30) (−8, −9, −2, −3.3, 5.9, 4.4)
P5 (−1155, −1055, 1152, 17.2, 28.7, 45.9) (−1144, −1065, −1145, 11, 23, 41) (−11, 10, 7, 6.2, 5.7, 4.9)
P6 (−555, −355, 1552, 34.4, 40.1, 40.1) (−552, −360, 1549, 33, 43, 43) (−3, 5, 3, 1.4, −2.9, −2.9)
P7 (45, 345, 1587, 40.1, 28.7, 28.7) (48, 342, 1586, 39, 30, 32) (−3, 3, 1, 1.1, −1.3, −3.3)
P8 (268, 866, 1332, 45.9, 17.2, 11.5) (273, 875, 1335, 48, 22, 14) (−5, −9, −3, −2.1, −4.8, −2.5)
P9 (673, 365, 707, 28.7, 11.5, 0) (662, 374, 719, 33, 16, 3) (11, −9, −12, −4.3, −4.5, −3.0)
P10 (895, 36, 872, 11.5, 5.7, 7.2) (882, 24, 882, 8, 10, 12) (13, 12, −10, 3.5, −4.3, 5.2)
P11 (−360, 40, 440, 0, 0, 0) (−375, 28, 451, 5, 4, 6) (15, 12, −11, −5.0, −4.0, −6.0)
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Figure 19: Loadcell signal response in the experiment.
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working head approaches the columns of the robot fixed
frame. �is is because the distribution of cable forces at low
positions has a small value, and at corner positions, there is a
large difference in cable tension, both of which cause low
stability of the moving platform.

7. Conclusions

Calculation of cable sag is necessary to improve the accuracy
of CDPRs. Numerical methods have been applied to simulate

the problem of finding cable sags, but the computation time is
an issue that needs improvement. In this paper, the ANFIS
model has been built based on the kinematics problem of a
large-sized cable robot to predict cable sag. Parameters af-
fecting cable sag such as kinematic structure, cable tension,
and cable tension distribution method are also taken into
account when generating the input data for the ANFISs. Eight
ANFIS models based on two tension distribution algorithms
are constructed to predict the sag of cables. ANFIS models
were structured by first-order Sugeno with 81 rules and 3
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generalized Gaussian membership functions. ANFIS models
are applied to calculate simulations on the trained and test
data sets, as well as data from basic moving trajectories. �e
statistical results consisting of the correlation coefficient, root-
mean-square error, and scatter index show that the effec-
tiveness of the approach is appropriate.�eANFISmodel can
be used to generate sag prediction for CDPRs with fast cal-
culation time and high accuracy, thus making ANFIS an
alternative to numerical methods. �is calculation procedure
can be applied to build ANFIS models that predict cable sags
for different CDPR configurations. �is procedure builds a
model to predict this cable sag based on the coordinates of the
MP, so the prediction model depends on the structure of the
particular CDPRs as well as the method of calculating the
corresponding cable tension distribution. �is means that the
ANFIS model that predicts cable sag is only applicable to a
specific type of CDPRs and a specific tension distribution
method. However, according to the sagging model in Section
4, cable sag depends on cable length and cable tension in a
local frame, so it is possible to build a common cable sag
prediction model for all CDPRs by synchronizing the input
data including CDPR configuration and tension distribution
method, to obtain the input data for the cable sag calculation
model which include the cable coordinates and the cable
tension in the respective local axis system. �is method has
the advantage that it can be applied to any configuration.
However, the computation time increases due to the need to
solve the CDPR kinematics and cable tension distribution
problems. In future works, the ANFIS models in Section 4 are
going to be modified and applied to predict cable sag for
different CDPRs configurations. Other parameters such as the
stiffness matrix and the external wrench are also analyzed to
improve the accuracy of CDPRs. �e calculated results are
going to be compared with existing methods to evaluate the
effectiveness of these models.
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�e researching, designing, calculating, and controlling cable-driven parallel robots (CDPRs) are being promoted in recent years.
�e researches focus on optimizing the design of CDPRs con�guration, computing workspace, calculating cable tension dis-
tribution, designing the mechanical structure, and developing controller. However, due to the complexity of the structure and
unidirectional characteristic of cable, many computational methods have been applied to solve the above problems. To facilitate
the performance of theoretical studies on important issues in the design and control of the CDPRs, a summary of computational
methods is needed for important issues related to the functionality and accuracy of CDPRs such as de�ning the workspace,
distributing the cable tensions, and calculating the sagging of the cable. �is paper summarizes published studies on CDPRs and
focuses on classifying and analyzing methods used to calculate important issues in the process of calculating and designing
CDPRs. �e e�ciency of these calculation methods is also analyzed and evaluated based on the mathematical theories of ki-
nematics and dynamics of CDPRs. �e content of this study is an e�ective reference for studies on important problems in the
process of designing and implementing CDPRs, helping researchers shorten the time to review related topics.

1. Introduction

Cable-driven parallel robot (CDPR) is a branch of parallel
kinetic robot with the moving platform-driven by cables.
CDPRs are also known by other names in published studies
such as cable-driven parallel manipulators (CDPMs) [1, 2],
or simply cable robots (CRs) [3]. As the actuators of CDPRs,
cables are usually stored and delivered by sets of winches
placed on the �xed frame and connected to the moving
platform (MP) via anchor points and guide pulleys. With
advantages such as simple structure, large working space,
high precision, small volume of the actuator, small inertia
force, and low manufacturing cost, CDPRs have been
designed and developed for applications requiring large
workspace, heavy load capacity, high speed, or for appli-
cations that require high �exibility [4, 5].�e world’s famous
CDPR applications are shown in [4, 6, 7] such as FAST
telescope-China with an aperture up to 500m, SKY-
CAM—used to control a camera for recording live sports

matches—with the size of a football �eld rock and cable-
driven parallel robot prototype CoGiRo of dimensions
15m× 11m× 6m. CDPRs are usually classi�ed according to
their structure, the number of degrees of freedom (DOFs),
and the number of cables, where m is the number of DOFs
and n is the number of drive cables, r� n – m is the number
of redundant cables or the number of degrees of redundant
(DORs). �e basic con�gurations of CDPRs include the
following [8]:

(a) r< 0, m≤ 6: incompletely restrained positioning
mechanism (IRPM) or underconstrained CDPRs,
these types of CDPRs usually only work and reach
equilibrium with gravity or a given force, and often
cannot work with arbitrary external wrenches.

(b) r� 0: kinematically fully constrained CDPRs. �e
robot is completely limited in terms of kinematics,
but the equilibrium equation still depends on gravity
or other forces. �erefore, the robot can only work
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with a specific set of forces. Due to this property,
some studies rank this robot in the same class as
IRPM.

(c) r� 1: completely restrained positioning mechanisms
(CRPM) or fully constrained CDPRs. �e certain
poses of the MP can be determined entirely through
the cables. �e limits of the MP movements and the
wrenches acting on the MP depend on the cable
tension limits.

(d) r> 1: redundantly restrained positioning mecha-
nisms (RRPM).�e robot is constrained redundancy
and wrenches must be distributed by cables. An
inverse kinematics result has many corresponding
kinematic constraints because the number of kine-
matic constraints is more than the number of DOFs
so the static equilibrium of CDPR can have many
solutions.

(e) If the CDPRs are driven by cables mounted above the
MP in the direction of gravity, they are called sus-
pended configuration CDPRs. �is configuration
relies on the gravity of MP to achieve the equilibrium
state [5]. �e workspace of the suspended CDPRs is
mostly located below the fixed cable anchor points.
�e above CDPR types are all configurable to operate
in a suspended state. �e working space of the
suspended CDPRs depends greatly on the gravity of
the MP, so the payload is one of the important
parameters in the design process of the CDPRs with
a given workspace. Depending on the design con-
figuration, some CDPRs operate only in the sus-
pended state, some CDPRs can operate in the fully
restrained state, or may operate both in the fully
restrained state and in the suspended state.

�e research on CDPRs mainly focuses on the main
contents such as optimizing the structure, determining the
working space, developing the cable tension distribution
algorithms, studying the models to calculate the sagging of
the cable, and designing controller and motion trajectories
[9–14]. Huajie Hong et al. [10] compiled CDPR case studies
and presented studies on the basic theory and application of
several CDPR configurations. �e authors systematized and
analyzed the studies on the topological architecture of
CDPR. �e optimal configuration depends on the rela-
tionship between the number of DOFs and the number of
cables. From the optimized structure of CDPRs, the
structure matrix (the transpose of the Jacobian matrix) is
built to calculate the tension distribution and dynamic
equilibrium. CDPRs have complex structures and con-
straints because of the unidirectional nature of transmission
cables; therefore, the design, calculation, and implementa-
tion of an application of CDPRs are challenging. Sen Qian
et al. [11] have summarized the development of CDPR and
analyzed some recent successful application cases of CDPR.
�e authors have explored basic CDPR research such as
mechanical design, performance analysis, and controller
development. Hao Xiong et al. [12] have performed an
overview analysis of cable-driven rehabilitation devices.

Many research works proposed methods to solve typical
issues of CDPRs, which focus on calculating workspaces,
configuring structure, building analytical methods cable
tension, calculation of kinematics and dynamics, and cal-
culation of transmission cable sagging, based on many
different methods with complex constraints. For an over-
view of a large number of published CDPRs studies, this
paper provides a systematic analysis of the methods used to
solve the main issues in the design and development CDPRs.
�e study is divided into four main sections, the first one
shows the kinematic and dynamic of CDPRs including the
structure matrix, these are the mathematical model used for
determining the main issues of CDPRs; the second analysis
the articles that study determining workspace of CDPRs; the
third section shows the articles study about tension distri-
bution methods, this section analyzes many solutions built
to calculate cable tension for fully of over constrain CDPRs;
the fourth section calculates the sagging of cables for large
workspace CDPRs.

2. Kinematic of CDPRs

�e typical configuration of CDPRs (Figure 1) consists of a
base frame (BF) with fixed anchor points and guiding pulleys
used to guide the cables in different configurations, and the
moving platform is connected to the cables via movable
anchor points. Cables are stored and delivered by winches
usually driven by servomotors so that the speed and position
of the cables can be precisely controlled. Normally, cable
robots work with large loads, so reduction gearboxes are
used to reduce motor speed and increase torque. To facilitate
fabrication and installation of cable distributors, winches are
usually fixed to the fixed frame. However, there are some
configurations where all the winches are placed on the
moving platform, and the advantage of this structure is that
it is convenient for the transmission of control signals be-
tween the motors and the main controller, especially for
CDPRs with large workspaces [15, 16].

Figure 2 shows the general kinetics diagram of CDPRs.
Where the global reference frame is denoted as B, the other
one is the E frame attached to the MP. x � (p, r) ∈ Rm is the
vector representing the pose including orientation and
position of the E frame in the B frame, and m is the number
of DOFs of CDPRs. According to the vector diagram in
Figure 2, the equation for calculating the vector li (i� 0. . .n)
corresponding to a configuration of MP can be obtained by
the following equation:

li � ai − p − Rbi. (1)

�e length of cables can be obtained as in (2).

li
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 �

������������������������

ai − p − Rbi􏼂 􏼃 ai − p − Rbi􏼂 􏼃
T

􏽱

. (2)

In the general case, the vector p � Px Py Pz􏽨 􏽩
T ∈ R3

represents the origin P of the E frame in the B frame, the
vector r � α β c􏼂 􏼃

T ∈ R3 represents the rotation angles of
the E frame in the B frame (Roll–Pitch–Yaw representation
or other orientation representation methods can be used),
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the vector ai � Aix Aiy Aiz􏽨 􏽩
T ∈ R3 is the coordinates of

the fixed anchor points Ai in the B frame, the vector bi �
Bix Biy Biz􏽨 􏽩

T ∈ R3 is the coordinates of the movable
anchor points Bi in the E frame and the unit vector ui
representing the direction of the cables li. (2) is rewritten as
follows:

li � ai − p − Rbi �

Aix − Px

Aiy − Py

Aiz − Py

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− R

Bix

Biy

Biz

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (3)

where R is the matrix representing the direction of the E-axis
system in the B-axis system according to Roll–Pitch–Yaw
representation, the RPY consists of the rotation of c about
the z-axis (z-axis of the E frame) called Roll angle, the ro-
tation of β about the y-axis (y-axis of the E frame) called
Pitch angle, and the rotation of α about the x-axis (x-axis of
the E frame) called Yaw angle. �e c and s denote the cosine
and sine equation, respectively.

R �

cβcc sαsβcc − cαsc cαsβcc + sαsc

cβsc sαsβsc + cαcc cαsβsc − sαcc

−sβ sαcβ cαcβ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (4)

�e relationship between the external forces and the
cable tensions acting on the MP for a given pose is repre-
sented by the equilibrium equation.

w + A.τ � 0, (5)

where τ � τ1 τ2 . . . τn􏼂 􏼃
T ∈ Rn

+ is the positive cable ten-
sion vector acting on MP where n is the number of cables.
General structure matrix A is calculated by the following
equation:

A �
u1 ... un

R × u1 ... R × un
􏼢 􏼣. (6)

Equations (1), (5), and (6) are important equations in
determining the workspace, calculating cable tension, and
designing the controller of CDPRs. In the following sections,
the parameters defined in this section will be built,

Base
frame

Moving
frame

Winch

Movable
anchor point

Cable

Guiding pulley

Figure 1: A type of configuration of the CDPRs.
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Figure 2: General kinematic of CDPRs.
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developed, and analyzed to determine the design parameters
of CDPRs, including methods of workspace determination,
cable tension distribution, and calculation of sagging of
cables.

3. Workspace and Design

�e workspace of the robot is a 2D or 3D space that the
robot’s end-effector can approach with different position
and orientation constraints. �is is an important parameter
for designing, controlling, and applying the CDPRs. De-
termining the workspace of parallel robots is more com-
plicated than serial robots because of the complexity of the
constraints as well as the unidirectional character of the
cables. �e workspace of CDPRs is an important parameter
in designing the robot structure, calculating the stiffness, as
well as controlling the moving trajectory of theMP.With the
same case size, CDPR’s workspace or moving platform
mobility can vary depending on the size and structure of the
moving platform, the payload, and the mounting locations
of cables on fixed frames and moving platforms. Actuator
capacity and load are also important parameters affecting the
size of the workspace. �e workspace definitions of CDPRs
relate to constraints on external forces and limits of cable
tensions. Based on the formulas (1–6), the conditions to
define the workspace were presented by Veheoven [17–20],
mathematical models for workspace calculation are deter-
mined based on equilibrium equations, including general
workspace, conditions of tension, stiffness, and singularity.

Wrench Closure Workspace (WCW)–Force Closure
Workspace (FCW) [21, 22] is defined by the set of poses of
the MP where there exists at least one set of cables tension
balance to any external force with the upper limit of tension
of cable being infinity.

∃τ≥ 0: Aτ + wd � 0, ∀wd ∈ Rm
. (7)

Total Orientation and Constant Orientation Wrench
ClosureWorkspace (TOWCW-COWCW) [23, 24]is defined
by the set of poses of the MP (with a set of orientation or one
orientation) where there exists at least one set of cables
tension balance to any external force with the upper limit of
tension of cable being infinity.

Force Feasible Workspace (FFW)—Wrench Feasible
Workspace (WFW) [2, 22, 25]: set of poses of the MP in
which there exists at least one set of tension cables limited
from τminto τmax equal to a given external force or a given
set of external forces:

∃τ ∈ τminτmax􏼂 􏼃, τmin ≥ 0: Aτ + wd � 0, ∀wd ∈W. (8)

Static Workspace (StW) is the set of poses of the MP for
which there exists at least one positive cable tension system
balance to the mass and load of MP.

Controllable workspace (CW) [2, 19]—A controllable
workspace of postures where forces and torques at the MP
can be controlled.

�e workspace of CDPRs is a complex geometry due to
the constraints of the design parameters. �erefore, it is
difficult to determine the workspace of CDPRs

corresponding to changes in key parameters. Due to the
unidirectional characteristic of cables that only traction is
applied to the moving platform, determining the equilib-
rium and workspace of CDPRs is a major challenge. �e
techniques and methods of calculating the workspace used
for rigid-link parallel robots or serial manipulators cannot be
used for CDPRs.�e workspace of CDPRs is a set of poses of
the moving platform that satisfies the constraints of ge-
ometry, force balance, and structural stiffness with boundary
conditions such as force and impact moment, noise, engine
power. �ere are three commonly used methods to define
the CDPR workspace. �e first method is the pointwise
method that considers whether a finite set of discrete points
satisfy the constraints of the workspace. �e second method
is the continuous method with the most commonly used
algorithm being interval analysis. �e third method is the
analytical method that focuses on defining the boundary
(geometrical shape) of the workspace, the advantage of this
method is that it gives a visual look at the geometry of the
workspace. However, this method is only applied individ-
ually for each robot configuration.

Structural matrix-based is a commonly used method to
determine the workspace of CDPRs. Starting from the
equilibrium condition (9), the general solution has the form:

τ � AT AAT
􏼐 􏼑

− 1
wd + Hλ � τ +Hλ, (9)

where τ is the minimum norm solution of, H (9) is the null-
space (kernel) of matrix A, and λ is an n-m vector. �e
constraints for a pose to be included inWCW are rank(A)�

6 and ∃τn � Hλ ∈ H: τn≻0.
�e pointwise method is often applied in determining

the workspace of CDPRs. �is method is based on con-
sidering the discrete points that satisfy the constraints of the
poses of the MP to know whether these points belong to the
workspace or not. �e pointwise method has the advantage
that the condition is clear and intuitive, but the accuracy at
the boundary depends on the magnitude of the distance of
the selected discrete points (resolution), the higher the
resolution, the more accurate the results. However, this
means increased computation time, especially for CDPRs
with large workspace. An important issue of the pointwise
workspace determination method is that it is not possible to
determine the satisfaction of the points lying between the
considered points according to a coordinate procedure such
as the random method, radial method, or the equidistant
method (Figure 3).

Verhoeven and Hiller [19] suggest a method for defining
a controllable workspace based on the pointwise method.
�is method transforms the force equilibrium equation,
then analyzes the rank and kernel of the structural matrix to
check the existence of a possible solution for a given
combination of forces. However, the study has not con-
sidered themoment equilibrium satisfaction for CDPRs with
different types of moving platforms such as bars or frames.
Verhoeven [20] has proposed a pointwise method to de-
termine the controllable workspace for CDPRs. However,
this method is only applicable to a limited number of CDPRs
with a simple structure due to the complexity of the
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expressions describing the system. Pusey et al. [23] analyzed
the workspace of a CDPR 6 DOFs – 6 cables by pointwise
method, a performance index was used to evaluate the in-
fluence of the robot’s structure (size of fixed and moving
platforms) on the size of the robot’s workspace. �ese in-
dices depend on the characteristics of the matrix structure.
�e results apply to the design calculations of CDPR 6
DOFs—6 cables and can be extended to other
configurations.

Yang et al. [2] used the tension distribution configu-
ration analysis method to combine the workspace for
CDPRs, this method is based on the evaluation of the tension
coefficient—the relative tension of the cables—to find the
solution of tension distribution corresponds to the optimal
workspace, where the determination of the tension coeffi-
cient is based on a linear optimization model. Diao and Ma
[26] introduce a numerical method to determine FCW. �is
method checks the condition that a possible solution exists
for any external force acting on the MP at a given position of
the robot with 6 DOFs and 7 cables. Possible solutions are
determined by analyzing the Jacobian matrix to see if there
exists at least one all-positive cable tension solution. Lim
et al. [27] have developed an algorithm to determine FCW
for fully constrained CDPR, based on convex theory, the
algorithm checks combinations from the structural matrix of
the point under consideration. Ouyang and Shang [28]
designed a method to determine the workspace of CDPRs
based on the pointwise method.�is method determines the
satisfaction condition of a pose by computing the null-space
of the structurematrix and solving the corresponding system
of linear constraint inequalities. Cong Bang Pham et al.
[29, 30] used a structure matrix size reduction algorithm
based on convex theory to simplify the process of finding the
force closure workspace of the fully and over constraint
CDPR, the calculation results are applied on a planar-CDPR
3 DOFs—4 cables and a spatial CPDR 6 DOFs—8 Cables.

To increase the accuracy when determining the
boundary of the workspace compared to the pointwise
method, analytical methods are used to determine the hull of
the workspaces. Marc Gouttefarde and Clement Gosselin
[21] developed an algorithm to determine the COWCW of 3
DOFs planar CDPR driven by 4 cables. In this paper, the
graphical representation is used to illustrate the workspace
as a combination of quadratic curves. Gouttefarde et al. [24]
have developed an analytical method to determine the

boundary of the Wrench Closure Workspace of CDPRs
having fewer DOFs than the cables. �is method is based on
the linear dependence between columns of the structure
matrix to determine the WCWwith fixed orientations of the
MP, the boundaries of theWCW are defined as a set of cones
formed by two redundant cables. �e results show that the
workspace boundary is composed of conic parts with dif-
ferent shapes. Based on the results of the model analysis in
[24], Azizian et al. [31] offer a geometric method used to
define the shape of conic sections forming a workspace with
a fixed orientation to find the COWCW of planar CDPRs.
However, due to the complexity of the calculation formulas,
the application of this method to spatial CDPRs needs to be
reconsidered. Pott [32, 33] proposed a method to estimate
the hull of the translation workspace of CDPRs.�is method
is based on finding subsets with less dimension such as
planes by the analytic method to reduce the computation
process, then finding the intersection lines between planes
and the workspace to build the hull of workspaces. �is
method can lead to incomplete estimation of the workspace,
and the estimation results depend on the selection of the
workspace center. Similar to [32, 33], Perreault et al. [34]
have established a method for determining COWCW
graphically, which uses lower-dimensional mathematical
descriptions such as planes to define the hull of the work-
space. �e surface shape of the workspace is determined by
the combination of curves that intersect the planes and the
workspace. Rezazadeh [35] has developed an analytical
method for determining the workspace of the multibody
CDPR, which builds on the null-space analysis and simplifies
the force and moment constraints in the equilibrium
equation. Based on [21, 24], Sheng et al. [36] have come up
with a general algorithm to find theWCW of spatial CDPRs,
this algorithm is based on calculating the kernel of the
structural matrix of CDPRs with the Cramer’s rule method,
thereby giving the satisfied condition of a pose of CPDRs 6
DOFs—7 cables.

Although analytical methods have improved the surface
accuracy of the workspace, the volume of the workspace is
not completely determined. �erefore, many methods of
defining persistent workspaces have been developed to
overcome this limitation. To identify continuous work-
spaces, interval analysis has been studied and applied to
different types of CDPRs.�is method is based on numerical
analysis, in which interval vectors may fully satisfy, partially
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Figure 3: Pointwise workspace of suspended configuration CDPR 6 DOFs—8 cables; a-radial space, b-equidistant space, b-random space.
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satisfy, or not satisfy all the constraints of WFW or WCW.
Partial satisfaction interval vectors will be subdivided into
intersecting parts and continue testing until the size of the
interval vectors is less than a preset threshold. �is allows
you to define workspaces that ensure continuity within a
range and between adjacent intervals. However, the com-
putation of this method is large, especially when the
threshold is reduced to increase accuracy as well as smooth
the boundary of the workspace. Bruckmann et al. [37] used
the interval analysis algorithm to determine the continuous
operation space of the CDPR robot.�is method can be used
to find the optimal configuration of the CDPR with addi-
tional criteria such as load, orientation angle, or stiffness of
MP. Gouttefarde et al. [38] analyzed the WFW of CDPRs
with m DOFs driven by the number of cables equal to or
greater than m. An interval analysis algorithm is applied to
determine WFW with reasonable computation time.
Compared with [37], this method shortens the time to
determine WFW by using an adding tool to check if the MP
coordinates are completely within the feasible region or not.
�is method reduces the time to separate tension and ex-
ternal wrench. Khalilpour et al. [39] developed a systematic
interval method to determine the workspace of planar
CDPRs. Based on [38, 39], Loloei et al. [40] studied an
interval algorithm based on the fundamental wrench to
specify the controllable workspace of both planar and spatial
CDPRs. Lamine et al. [41] also established the workspace for
CDPRs during the design process based on equilibrium
equation calculations with interval analysis, two Planar
CDPR 3 DOFs—4 cables and spatial CDPR 6 DOFs—8
cables configurations were analyzed to calculate the mini-
mum size of CDPRs with a given workspace.

Based on the numerical approach, the ray-based method
was first studied by Merlet [42] to determine whether the
design trajectory is in the workspace of the parallel robot,
and this method determines the WCW by solving a com-
bination of univariate polynomial equations. Based on tri-
angulation of workspace hull analysis, Pott [32] developed a
method to determine the hull of WFW of CDPR 6 DOFs and
one redundant cable. �is method defines a sphere with a
predicted workspace center and extending in a-radial di-
rection. �is method has the disadvantage that the result
depends on the estimation of the center of the workspace,
but it has a simple process and can be applied to the quick
determination of the workspace of common robot config-
urations. Based on the results of [32], Pott and Kraus [43]
used the ray-based method of numerical analysis to combine
WCW with the fixed orientation of MP. Here, a finite
number of rays are used to form the hull of the workspace.
Similar to [32, 43], Andreas Pott [33] proposes a workspace
calculation scheme that works with the fixed or variable
orientation of CDPRs. �e triangulation representation
allows for quick determination of the volume and boundary
of the robot workspace. [44] Darwin Lau et al. proposed a
technique that combines numerical and analytical methods
to calculate WCW for fully constrained CDPRs configura-
tions. �e method used is to reduce the size of the Jacobian
matrix to improve the computation time. �is method is
applied to calculate WCW for CDPR with 6 DOFs and 7

cables. �e results show that this method has improved
calculation time and accuracy compared to the numerical
method. Based on [43, 44], Ghasem Abbasnejad [45] in-
troduces a ray-based method for determining WCWs for
different CDPRs configurations, which allow for defining
continuum generalized WCWs with any number of cables.
�is is a general analysis that can be applied to many dif-
ferent types of CDPRs configurations. In which, the two-
dimensional representation of the graph can be applied to
any number of DOFs of the CDPRs. Zeqing Zhang et al. [46]
develop a new method to design trajectories for Spatial
CDPRs 6DOFs—7 cables under interference-free (IFC) and
wrench-closure (WCC) conditions. Based on the ray-based
method, moving platform trajectories including position
and orientation are represented as parametric equations
with respect to time.

Riechel et al. [25] described the Force Feasible work-
space, also known as a useful workspace. �is workspace is
determined based on the condition that the equilibrium
equation is satisfied for a finite set of forces acting in the
stationary state. �is model is applied to build a workspace
for a point-mass CDPR 3 DOFs—3 cables. Cong Bang Pham
et al. [1] established a method to optimize the structure of
CDPRs based on tension analysis and stiffness matrix. In this
study, the connecting points in the fixed frame and moving
platform are considered and analyzed to optimize the
workspace. A planar CDPR 3 DOFs—4 cables is modeled to
calculate the workspace based on structural stiffness pa-
rameters and cable tension limits. �e results of the
workspace calculations are analyzed and used for the design
of an algorithm to optimize the robot structure. Giovanni
Boschetti and Alberto Trevisani [47] have established a
model to evaluate the overall performance of CDPRs with
the Wrench Exertion Capability (WEC) performance index.
�e performance of a CDPR is considered an important
parameter in the design and control process; it represents the
relationship between the robot structure, the cable tension
limits, the force, and torque limit so that the robot can act in
a given direction of movement. �is model is built based on
the linear programming algorithm for the equilibrium
equation of CDPRs. Zake et. al [14] introduced the concept
of Control Stability Workspace (CSW), where the system
stability criterion is an input parameter to determine the
CSW. �e CSW was significant in designing the controller
for the CDPR, whichmeans that for anyMP pose in its CSW,
the robot controller should be able to guide the MP to that
target.

�rough articles that have been reviewed, the methods of
determining the workspace of CDPRs are studied focusing
on the workspace types such as WFW, WCW, COWCW,
COWFW, and controllable workspace. In these papers, the
analysis method is used to determine the contour of the
workspace, this method gives a visual view of the shape of
the workspace, but does not determine the volume of the
workspace. �e disadvantage of this method is that the
computational expressions are complex, and it is difficult to
combine representation models for different types of CDPRs
configurations. Numerical methods include the pointwise
method, interval analysis, ray-based method, which are
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useful in determining the surface and the volume of
workspaces. �e pointwise method results in a discontin-
uous workspace, the accuracy depends on how the coor-
dinates are obtained and the resolution between the points in
the workspace. �e interval analysis method gives a more
general result, ensuring the continuity of the workspace even
at the intersections between intervals. However, the surface
accuracy of the workspace depends on the threshold of the
divisions. �e ray-based method is a method that uses the
number of rays to determine the surface of the workspace,
and this method has better continuity than the pointwise
method, but there are still gaps between rays that are not
defined. Another problem is that the ray-based method is
only applicable to the determination of the workspace for
fully constrained CDPRs. However, there is an improvement
in computation time compared to interval analysis. �rough
a summary of relevant research contents, the results of the
analysis of the above studies have important implications in
choosing suitable options to determine the workspace of
CDPRs because each option has its advantages and disad-
vantages, so researchers need to consider carefully the
constraints as well as the computation purposes to select the
feasible calculation methods for each specific CDPR con-
figuration. �ese contents can also help researchers shorten
the time to synthesize relevant documents in the research
process.

4. Tension Distribution

�e calculation of cable tension distribution for CDPRs is
very important in the process of calculating, designing, and
controlling CDPRs. Cable tension involves important
problems such as system equilibrium, workspace determi-
nation, actuator and load calculation, system stiffness, tra-
jectory control, and controller design. �ere are many
methods of calculating cable tension that has been studied
and applied to the development of CDPRs. �is section will
analyze the mathematical basis and examine the published
calculation methods, thereby giving a more systematic view
of this issue.

�e linear programming algorithm is often used to find
the tension distribution solution with the optimal condition
that the sum of the tension forces is minimal. From (5) and
(10), the tension distribution for a pose of the MP is the
solution of linear programming as follows:

min imizef(t) � cTτ. (10)

With the equality constraints

Aτ � −wd,

Subject toτmin ≤ τ≤ τmax.
(11)

Linear programming (p-norm� 1) is usually solved by
Simplex Algorithm or Dual Simplex Algorithm, this algo-
rithm will find the optimal point by detecting the vertices of
the polytope constraint. Shiang et al. [48] used linear pro-
gramming to find tension solutions for the Robotic crane
based on its dynamics model. Pham et al. [49] used a linear
programming optimization algorithm to calculate the

distribution of cable tension. In this paper, the cable dis-
tribution model is reduced to the basic linear optimization
form. Agrawal [50] used linear programming to calculate
cable tension for planar CDPR, and the calculation results
were simulated and compared with other methods. Based on
this model, the authors also design a solution to control the
robot with negative tension. Similarly, Borgstrom et al. [51]
improved the linear programming algorithm to shorten the
calculation time of cable tension distribution, and the active-
set method is used to determine the optimal solution, the
optimal criterion is also the safety tension.�is method gives
fast computation, but the continuity of cable tension and
real-time response need to be further considered. Notash
[52] provide an analytical solution to find the minimum
cable tension for redundant planar CDPR applications in
mechanical engineering.

Similar to linear programming, nonlinear programming
was used to calculate the cable tension distribution. Com-
pared with linear programming, this method gives contin-
uous tension distribution results according to the joint
trajectory. Quadratic programming (p-norm� (2) [50, 53]
has a quadratic objective function, and this method gives
continuous root forces because it limits the case those so-
lutions are taken at the vertices of the convex polytope (set of
solution). �e tension distribution model of quadratic
programming has the form:

min imizef(t) � cT(τ − η)
2
. (12)

With the equality constraints

Aτ � −wd. (13)

Bruckmann et al. [54] introduced methods to define
tension solutions for over-constraint CDPRs, including
quadratic programming. In this paper, the quadratic ob-
jective function is used for better computation time than
linear programming. Li et al. [55] used quadratic pro-
gramming to determine the tension solution for the FAST
telescope. In [56], the author used the nonlinear cost
function for optimized cable to reduce power consumption.
Cote et al. [57] applied quadratic programming to distribute
the tension to the cables with the idea of obtaining a second
optimal solution by adding a slack variable to the equilib-
rium equation, which is capable of returning the distribution
of tension solution even at positions outside the workspace.

To reduce calculation time and ensure continuity of
cable tensions along continuous motion trajectories, the
Closed-Form Method is an algorithm developed to calculate
cable tension distribution for CDPRs with the number of
cables being more than the number of DOFs (r> 0). �is
method converts the problem of finding cable tension into
basic numerical equations to shorten the calculation time.
�is method is suitable for real-time control requirements
and minimized objective function is the distance from the
solution to a reference vector (usually the mean value of the
tension) with p-norm≥ 2.

Richard Verhoeven [20] established an algorithm called
Gradient-based optimization. �is algorithm can be applied
to different p-norm orders of the objective function, the two

Mathematical Problems in Engineering 7



possible solutions with maximum and minimum values are
computed for a given p-norm. �e selected solutions will be
obtained by linear interpolation between these two values.
However, the mathematical model complexity of this
method increases when the number of cables is large.
Andreas Pott et al. [58] proposed a method called “Closed-
form Force Distribution” to determine the tension distri-
bution for CPDRs with more cables than DOFs, this method
is based on decomposing the cable tension into two
components:

τ � τav + τar, (14)

where τtb is the mean of τmin and τmax and τar is any arbitrary
force vector.�e tension set τ is then calculated according to
τtb and the pseudoinverse of structure matrix. From (5), we
can obtain the following:

τ � τav − A+ w + Aτav( 􏼁. (15)

�is method gives a result of a continuous tension
distribution along the joint trajectory and good execution
time is also the advantage of this solution. However, this
method may not calculate the cable tension distribution in
some cases where a feasible solution exists.

Gosselin and Grenier [59] used specialized optimization
for p-norm to optimize the cable tension distribution for
robots withmDOFs driven by n�m+ 2 cables.�e goal is to
minimize deviations of cable tensions from a given value
(within the tension limits), usually the mean of τmin and
τmax, and still ensure continuity of solutions. A nonrepetitive
algorithm is proposed to perform the calculation of solutions
according to the P-norm, the calculation results are applied
to a planar CDPR with 2 DOFs driven by 4 cables, and the
solutions are determined according to the p-norm with the
values p� 1, 2, 4, and ∞. �e results show that the norm
p� 4 gives results consistent with the set goals. However, the
continuity and real-time constraints have not been covered
in this study.

Some works improve the Closed-Form Distribution
Algorithm to increase the coverage of WFW, the purpose is
to find the distribution of tension at points located in the
area where the satisfaction of the constraints has not been
determined. Rewrite (11), we have

τ � −A+w + Hλ, (16)

where A+ ∈ Rm×n is the pseudoinvert and H ∈ Rm×r is the
kernel of matrix A; λ (r) is an arbitrary scalar vector. �e set
of cable tension distribution solutions is a convex polyhe-
dron under mapping H with hypercube defined by the limits
of tensions:

τmin ≤ τ � −A+w + Hλ≤ τmax,

τmin + A+w ≤Hλ≤ τmax + A+w.
(17)

Roberts et al. [60] analyzed the statics and the inverse
kinematics of the CDPRs based on the kernel analysis of the
structural matrix. �e static equilibrium of a pose of MP is
analyzed based on the kernel properties of the structure
matrix for a fully constraint structure.�e calculation results

are applied to the planar CDPR to evaluate the effectiveness
of the analytical method. Bruckmann et al. [54] proposed a
method to calculate the distribution of cable tension online
for controlling redundant CDPRs. Based on the kinematic
and equilibrium equation of CDPRs, the authors designed
two cable tension calculation algorithms for CDPRs with 1
or more redundant cables. Two algorithms gradient-based
optimizers and interval analysis are used to calculate cable
tension with the requirement of continuous cable tensions
along the trajectory of MP. Richard Verhoeven andManfred
Hiller [61] provide a method for determining the cable
tension of CDPRs with more than one DORs, this method is
based on convex polyhedron analysis of the solution space
region for the equilibrium equation. �e optimal result is a
solution that minimizes the tension of cables but does not
guarantee the continuity of the cable tensions along the joint
trajectories as the moving platform moves along the given
trajectories. Hassan and Khajepou [62] developed an iter-
ative algorithm based on Dykstra’s Algorithm projection to
find the tension distribution for a CDPR.�is algorithm uses
an iterative projection starting from the origin (zero) onto
the solution space and back projecting the polyhedron onto
the tension limit. �e intersection (solution region) will be
determined when the distance between the solution space
and the polyhedron of the tension limit is zero. �e results
are applied to calculate the tension for a 3 DOFs robot driven
by 3 cables and two redundant limbs to create cable tension
with all applied forces.

Based on the geometrical characteristics of the convex
polygon that represents the feasible region of cable
tension–(17) with w � 0, Bruckmann et al. [63] proposed a
new cable tension calculation algorithm—Safe Force Gen-
eration Method—with the requirement that the solutions
must be feasible (located in the workspace) and continuous.
�e algorithm is based on the decomposition of the
structural matrix, thereby selecting the solutions located in
the safe area (priority to stay away from the boundary values
of the cable tension). �is allows the MP to be controlled at
large speeds and accelerations without the transmission
cables slacking. To calculate the real-time cable tensions for a
CDPR 3 DOFs—4 cables for moving the camera, Su et al.
[64] proposed a nonrepetitive solution based on convex
theory, the simulation results show that the obtained cable
tensions have a continuous form according to the control
trajectory and the calculation time is suitable for real-time
control applications. �is solution can be modified to apply
to other CDPR configurations. However, compute perfor-
mance metrics and continuity metrics need to be considered
for each specific type of configuration. Cui et al. [65] propose
a nonrepetitive method to calculate cable tension distri-
bution. �is method defines the cable tension feasible region
based on Graham’s scanning geometric method applicable
to CDPR with 2 DORs.�e paper also proposes a method to
evaluate the safety of cable tension distribution results.
Boumann and Bruckmann [66] develop a method to find
solutions to tension distribution when CDPR operates
outside the WFW. Based on geometric analysis, the Nearest
Corner Method is used to find the closest solutions that
satisfy the equilibrium equation based on detecting the
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corners of the hypercube composed from the limit of cable
tensions. Solution continuity is also considered in the case of
robots in the WFW region.

Pott [67] improved the closed-form method to calculate
the tension at points in undefined regions for over constraint
CDPRs in real-time. Mikelsons et al. [68] designed a non-
iterative method to calculate the distribution of cable tension
with the optimal condition of safety tension. �is method
determines the vertices of the feasible convex polytope, then
calculates the average value of the vertices found, the tension
values are calculated close to the safe value (average of τmin
and τmax), it is also called the Barycentric approach.
However, the execution time is an issue to consider when
applying this method. Based on Barycentric, Lamaury and
Gouttefarde [69] propose a method “Fast Tension Distri-
bution Algorithm” to improve the calculation of cable
tension solutions for CDPRs with m DOFs and the number
of cables n�m+ 2. �is method is based on determining the
feasible convex polygon formed by the intersection between
the set of cable tension systems satisfying the constraints in
the equilibrium equation and the space bounded by the
boundaries of the cable tension. By reducing the number of
scanned vertices, the time to determine the feasible convex
polygon is improved.�e analysis and calculation method of
the barycenter of the convex polygon above are applied on a
CDPR 6 DOFs—8 cables. �e simulation results show that
the value of cable tension changes continuously along the
design trajectory. Based on the results of [69], Marc
Gouttefarde et al. [70] developed a cable tension calculation
algorithm called Versatile Tension Distribution Algorithm;
the algorithm is applied to CDPRs 6 DOFs driven by 8
cables. With this configuration, the set of possible cable
tension solutions is a two-dimensional convex polygon
corresponding to 2 DORs. �e algorithm is designed based
on determining the polygon’s vertices in a clockwise di-
rection or vice versa. Calculation results are verified on two
CDPR 6 DOFs—8 cables prototypes in CABLAR and
CoGiRo projects. �is method is effective with different
requirements for determining the optimal tension distri-
bution, as well as for establishing a maximum number of
worst-case iterations. Also based on the algorithm of [69],
Rasheed et al. [71] designed an algorithm to find the optimal
tension distribution for CDPR 6 DOFs—8 cables. �is
CDPR is reconfigurable since the 4 cable posts are movable
with their wheels. Based on [63, 68], Song et al. [72] propose
a method called convex analysis to find the optimal con-
figuration for a CDPR 6 DOFs, where the direction of the
moving platform is determined in the workspace. Cable
mounting configurations are found by comparison and
analysis of workspace and flexibility. �e authors also
propose an algorithm to find real-time cable tension solu-
tions, which is based on calculating the equilibrium equa-
tions of a CDPR 6 DOFs driven by 8 cables. �e results are
compared with two methods, the minimum norm method
and the safety tension method, the analysis results show that
the tension solutions are continuous and within the limit of
the required cable tension, similar to the safety tension
method with fast computation time, suitable for real-time
applications.

Another method developed based on the closed-form
method to calculate the continuous minimum tension along
the joint trajectory is the puncture method. �is method is
based on defining an initial solution in a feasible set, which
can be computed using the closed-form method. �en
combined with the solution close to the root from the null
space of the structure matrix into a straight line, and the
minimum solution will be determined on this line because of
the linear continuity of the null space. Müller et al. [73]
analyzed the results and limitations of the method of
minimum tension distribution of the closed-form method,
from this result, the author developed an improved puncture
method, based on the combination of the improved closed-
form method and puncture method. Where the cable ten-
sion is distributed continuously and tends to reach the lower
limit of the cable tensions, the calculation results show that
the improved puncture method gives the results of calcu-
lating the cable tension solution in a shorter time with a
larger workspace, but the cable tension tends to distribute
near the lower limit and has a high amplitude.

Pott [74] provided the analysis method to determine the
limits of cable tension for CDPRs. For the maximum ten-
sion, the important parameters to be considered are the
safety issue, the durability limit of the mechanical structure,
the fatigue of the cable during operation, and the capacity of
the actuator. �us, the upper limit force of the transmission
cable mainly depends on the mechanical structure and
transmission mechanism, which are the main criteria af-
fecting the cost of manufacturing and deploying CDPRs. For
the minimum tension, the important criterion to calculate is
the cable sagging, especially for the large length cables, the
cable tension will be inversely proportional to the cable
sagging. �e stiffness and elasticity of cable also affect the
accuracy of CPDRs, as it affects the operation of the cable
distribution mechanism. �e vibration of the cables is also
analyzed when calculating the lower limit of the cable
tension because it is possible to reduce the vibration of the
system by increasing the tension in the cables. Notash [75]
analyzes the properties of cable tension with the influence of
unknown parameters on the structural matrix and the null
space of CDPRs, the calculation results are applied to a
planar CDPR to evaluate the efficiency of the model. Su et al.
[76] propose an iterative method to calculate the cable
tension distribution for a large-space camera CDPR3
DOFs—4 cables, the equilibrium equation is built based on
the dynamic equation and the sag model of the transmission
cable. �e iterative algorithm is developed based on the
kernel analysis of the structure matrix. �e results show that
the cable tension changes continuously along the motion
trajectory of the CDPRs. Barroso and Saltaren [77] analyze
the relationship between the maximum tensions and the
external force acting on the MP, the goal is to determine the
capacity of the actuator used to design the cable distribution
mechanism, thereby determining the workspace of the
CDPR based on the null space analysis of the structural
matrix. Ueland et al. [78] analyze the problem of deter-
mining optimal cable tension distribution for over con-
straint CDPRs based on studies [58, 70, 77], thereby
proposing a new optimal objective function that ensures the
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continuity of the cable tension. Hussein et al. [79] provide a
solution for determining the minimum value of the upper
limits of cable tension for CDPRs with DORs equal to or
greater than 1. �e constraint condition of this issue is that
the cable tension limits must satisfy a required wrench set.
�is result can be applied to CDPRs that work with large
weights and are driven with winches of different structures
and capacities. �e aim is to optimize the energy con-
sumption and structure of the CDPR.

�rough the analysis of the above studies, it is shown that
many methods have been developed to calculate the tension
distribution for fully and over constraint CDPRs. �ese
methods focus on optimizing solutions according to dif-
ferent goals, such as minimizing tension for applications that
require saving energy consumption, safe tension which is
convenient for controlling, or maximum tension for in-
creasing the stiffness of the structure. �ree methods linear
programming, Dykstra, and available wrench set methods
give discontinuous tensions according to the joint trajectory,
while quadratic programming, nonlinear programming,
closed-form, improved closed-from, Barycentric, and
puncture methods give continuous tensions following the
motion trajectory. In which, closed-form, improved closed-
from, Barycentric, puncture methods have fast calculation
time, suitable for real-time control requirements. In addi-
tion, some methods such as linear programming, Dykstra,
and improve-closed-form methods can also be used to
determine the workspace according to the pointwise
method. Studies [74, 77] also have given a way to determine
the limits of cable tension. �e lower limit and the upper
limit of cable tensions have important significance in de-
signing, determining the structure of the CDPR, calculating
the tension distribution, and determining the workspace,
and the stiffness of the CDPR.

5. Sagging

One of the important problems in the design and devel-
opment of large CDPRs is determining the sagging of cables,
as it directly affects the accuracy of the robot. �e general
procedure for determining cable sagging of CDPRs is
complicated, due to the nonlinearity of the mathematical
model. �e sagging model of cables is a combination of
kinematics, dynamics, cable tension distribution, and cable
sagging model. �e models for calculating the sagging of
cables are mostly based on the catenary equation studied by
Irvine [80], where the influence of cable mass, cable elas-
ticity, and cable tension are taken into account in the sagging
model.

Based on Irvine’s cable sagging equation, Kozak et al.
[81] show the results of static model analysis of large-scale
CDPR taking into account the mass of cables. Due to cable
sagging, the static displacement of uniform elastic cable is
also calculated in the postanalysis of the inverse kinematics
and CDPR stiffness. �is result can be used for the calcu-
lation of workspaces with sagging cables or the design
process of large CDPRs. Korayem et al. [82] analyzed the
kinematics and determined the workspace of the large CDPR
taking into account the sagging of the elastic cable. Nicolas

et al. [83] researched the influence of cable mass on the
kinematics of CDPRs (the number of DOFs is equal to the
number of cables). �e forward and inverse kinematics of a
large-size suspended CDPR with 3 DOFs-3 cables are cal-
culated based on the elastic cable model of Irvine.�e results
show that the influence of cable mass on the sagging of cables
and the accuracy of CDPR is significant when CDPRs
operate with large workspaces or heavy payloads. Based on
these results, the authors determined a large CDPR work-
space that takes into account cable sagging [84].

FAST telescope is a famous project for the application of
giant CDPR. Related to this project, Yao et al. [7] set up a
complete model for CDPR 6 cables taking into account the
mass and elasticity of the transmission cables, the model is
set up as a simple structured equation, and the computation
time is faster than catenary equation model. However, the
accuracy of this model is not high and a calibrated model is
needed to meet the required accuracy. �is model is tested
on a miniature version of FASTwith an accuracy of less than
2mm. Hui [85] calculated the inverse kinematics of the real
version of FAST and planned the orientation of the cabin
according to the given trajectory. �e study shows that the
orientation of the cabin depends on the position of the cabin
and the sagging of the cables.

Based on the parabolic cable profile equation of Irvine
[80], the sagging model of the large inelastic transmission
cable is considered a parabolic curve. Gouttefarde et al. [86]
proposed a new simplified static analysis of the CDPRs
assuming that a cable with negligible mass and inelastic
properties is used to drive the CDPRs. Based on the catenary
equation (80), this cable sagging model is developed which
assumes that the sagging of the cable is small. �e model is
simplified by linearizing the relationship between the two
projections of the cable tension projected onto the analyzed
axis system. �is model cannot be applied to under-con-
strained CDPRs and elastic cables. Also based on the Irvine
cable sagging model, Gouttefarde et al. [87] calculated cable
sagging with the influence of guide pulley diameter. Nguyen
et al. [6, 88] calculated the invert kinematic taking to account
cable sagging for reconfigurable CDPRs, the paper proposes
a simple cable sagging model and analyzes the remaining
problems of this model. Dallej et al. [89] build a vision
machine feedback controller. Where the cameras are
designed to respond to the position and orientation of the
MP to the controller, these data are used to directly correct
the robot’s inverse kinematics with cable sagging. �e article
only stops at evaluating simulation results, not exper-
imenting on the CDPR prototype. Sridhar [90] built and
simulated a transmission cable compensation model for
suspended CDPR in large outdoor spaces. �is paper
compares the straight-line cable model and the sagging cable
model, thereby evaluating the relationship between the cable
tension optimization and the error of the cable length cal-
culation model.

Merlet [91–98] studied the inverse kinematic and for-
ward kinematic, calculating cable sagging with different
influencing parameters. In [91, 92], the forward kinematics
for CDPRs were solved based on interval analysis taking into
account the elasticity and mass of the cables, the cable sag
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model is considered in static equilibrium. �e results are
tested on CDPR 6 DOFs—8 cables and give several inter-
esting results. Besides, inverse kinematics for CDPR—6
DOFs— 6 cables with cable sagging expressed as catenary
equations was developed in [93], and interval analysis is also
used to set up an algorithm to calculate the inverse kine-
matics of this robot. However, the relationship between the
limit of MP and the workspace has not been clearly defined.
In [94], the author analyzed the workspace of CDPRs for
both straight cables and sagging cables. In the case of sagging
cables, the boundary of the workspace is not clearly defined.
�e direct kinematic of CDPR in the case of cable sags [95]
was calculated by sensors. �e important properties of the
static-elastic model based on Irvin’s cable sag equation were
analyzed, and this result can be used to calculate the CDPR
kinematics taking into account the sagging of cables [96]. In
this study, a new form of the Irvin equation has been
established that can reduce the calculation time of forward
and inverse kinematics by interval analysis. Besides, the
singularity of CDPR taking into account the sagging of the
cables was analyzed, and the results show that CDPR’s
singularity tends to appear near the edge of the workspace
[97]. Calculation results only identify individual singulari-
ties, not yet identified singularities for both inverse and
forward kinematic. In [98], the forward kinematics for the
point-mass suspended CDPRwith one redundant cable were
calculated. �e computational model is built based on the
cable sagging equation and interval analysis. A system to
measure the signals of cable lengths, cable angles and cable
tensions were also built to evaluate the results of the forward
kinematics with the influence of uncertainties. In [99],
Fabritius and Pott built a new inverse kinematic code applied
for CDPR that has more than one redundant cable. �e
results show that the newmethod for the workspace is nearly
20% larger than the other method. In [100], the authors also
calculated the forward kinematics of CDPR taking into
account the influence of cable sagging and guide pulleys.�e
calculation results show that there is a difference compared
with the standard geometric model, in which the obtained
WFW and stiffness are smaller than that of the standard
model. �ese results show a significant influence of the cable
sag model and pulley parameter on the calculation of for-
ward and reverse kinematics of redundantly CDPRs. From
point of view of Yuan et al. [101, 102] analyzed the rela-
tionship between cable sagging, stiffness, and dynamics for
suspended CDPRs when the cable and MP vibrated during
operation. �ese researches can be used to build vibration
reduction solutions for CDPRs of large sizes or working
outdoors. �e authors also construct the dynamic stiffness
matrix of a single cable to calculate the dynamic equations of
CDPRs [103]. �is computational model is tested on a
spatial suspended CDPRs 6 DOFs—6 cables. �e results
show that there is an influence of dynamic cable on the
dynamic model and the accuracy of CDPRs. Arsenault [3]
has established a CDPR stiffness representation model that
takes into account the sagging of the cables. �e results show
the influence of cable sagging on the workspace and the
stiffness matrix of the robot.

Duan et al. [104] built a deployment and retrieval cable
mathematical model based on the lumped mass method
taking into account the cable mass. �e simulation result for
a suspended CDPR 6 DOFs - 6 cables (50m scaled model)
shows that the model is effective in analyzing the dynamic
response of cables. Wei et al. [105] analyzed the influence of
the cable’s inertia on the stability of the CDPR. �at was a
large size and high-speed cable robot used to move the
camera. �e dynamic model of the CDPR was determined
based on the cable catenary equation and the finite element
method, from these calculation results, a camera CDPR
controller was designed and simulated. Phan Gia Luan et al.
[106] have introduced a new model to calculate the inverse
kinematic for CDPR with the influence of cable sagging in
quasistatic based on both analytical and practical methods.
Experimentally, this result is only valid for CDPRs operating
at low speeds and small accelerations. �o et al. [107] built a
cable sagging calculation model using ANFIS, and this
model is based on the results of Irvine’s catenary equation.
�e calculation results show that the accuracy of the model is
quite good with small errors and short computation time.
However, the model is only built for a given robot con-
figuration and a specific method of cable tension distribu-
tion. �e model can apply to real-time control requirements
for large CDPRs.

6. Conclusion

�is article summarized the studies, typical applications, and
important issues in the research and implementation of
CDPRs.�e basic problems of CDPR are presented focusing
on the design of the mechanical structure, analysis of
workspace, distribution of cable tension, and determination
of cable sag. �e mathematical models for CDPRs are also
presented in a general form to help readers save review time
when synthesizing general knowledge about the design
process and analyzing CDPRs. �e special feature of CDPRs
compared with parallel robots driven by rigid-link is that the
position and orientation of the MP are controlled by flexible
cables. �is creates the outstanding advantages of CDPR
such as high speed, high acceleration, and higher load-to-
weight ratio. In particular, large workspaces can be achieved
due to the flexibility in the storage and distribution of cables.
However, a challenge when designing and modeling CDPRs
is the unidirectional character of the cables, which mean that
the cable only works with positive tension. �is leads to a
different approach in the study of CDPRs compared to rigid-
link robots. �e important issues of CDPRs such as kine-
matics, dynamics, and workspaces are different from those
of rigid-link robots, and their mathematical basis is related
to the tension of the cables. In recent years, many studies
focusing on optimal design, kinetics, and controller systems
of CDPRs, which facilitate the expansion of the applicability
of CDPRs. �rough the analysis of research works on
CDPRs, it is shown that the structural optimization of
CDPRs focuses on the constraints of the workspace, stiffness,
payload, and geometric configuration. Especially studies on
CDPRs are reconfigurable for more flexible applications.
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Cable tension distribution studies focus on generating
continuous tension distributions with constraints of dy-
namic stiffness, energy consumption, or safe tension. Many
methods have been studied to reduce computation time,
which is useful for applications requiring online control.
Cable sagging studies are especially important for CDPRs
with large workspace because cable sagging directly affects
the CDPR kinematics accuracy. Most of the cable sagging
calculation models are based on the famous catenary cable
equation of Irvine. Based on the above analysis, further
studies on CDPRs can be carried out in the following di-
rections: developing controllers and tracking the moving
trajectory of MP; improving high-load capacity with opti-
mization of structure and materials; increasing the accuracy
of workspace definition methods; shortening the time to
calculate the tension distribution according to the given
constraints; simplify the cable sagging calculation model for
specific CDPRs configurations. In addition, the research
direction on the reconfigured form of CDPRs promises to
expand the applicability of CDPRs.
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Evaluating cable tension distributions of CDPR for virtual 
reality motion simulator

Tuong Phuoc Thoa and Nguyen Truong Thinhb 

aFaculty of Mechanical Engineering, Ho Chi Minh City University of Technology and Education, Ho Chi Minh 
City, Vietnam; bInstitute of Intelligent and Interactive Technologies, University of Economics Ho Chi Minh 
City – UEH, Ho Chi Minh City, Vietnam 

ABSTRACT 
This paper presents a study on modeling, analysis, and control of an over- 
constrained Cable-Driven Parallel Robot taking into account the deform
ation of the cable transmission system due to the elastic model of the 
transmission mechanism and the affection of tension distribution for 
cables. The Cable-Driven Parallel Robot is used for a virtual reality motion 
simulation system with a simulation cabin mounted on a moving platform. 
A nonlinear cable length controller with tension feedback is designed to 
control the cabin to move along a trajectory extracted from the virtual 
simulated environment. The tension distribution algorithm is integrated 
into the controller to compensate for the dynamic error caused by the two 
redundant cables and the elastic characteristic of the transmission mechan
ism. The tensions are calculated based on the constraints of the work
space, the structure of the system, and the force limits of actuators. The 
cable tension feedback control algorithm was tested on the concept 
Cable-Driven Parallel Robot, the experimental results show that the joint 
trajectories meet the desired moving trajectory with high accuracy, and 
the cable tensions are controlled in the optimal region to ensure safety 
and save energy, but still suitable for the control requirements of the vir
tual reality motion simulator system.
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1. Introduction

A Virtual Reality Motion Simulator (VRMS) is a complex integrated system of mechanical engin
eering, robotics, control and information technology. This system can provide operators (users) 
with a realistic feeling (including vision and motion) of the real environments to be simulated. 
VRMS usually includes the following components: A device that displays a 3D virtual reality 
environment such as a virtual reality headset or a 3D display screen; Motion structure, usually in 
the form of parallel robots (Kljuno and Williams 2008; Cao et al. 2015), high-load serial robots 
(Teufel et al. 2007) and more recently Cable-Driven Parallel Robots (CDPR) (Miermeister et al. 
2016; Usher et al. 2004), since these robotic systems have sufficient dexterity, degrees of freedom 
and loads suitable for generating simulated cabin movement. The motion controller is responsible 
for controlling the actuators from the signals of the virtual reality (VR) environment. In VRMSs, 
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users sit in the cabin to operate virtual machines for vehicle training applications or experience 
the environment of virtual reality games. In this way, the operators can feel they are controlling 
or being as if on real devices. Freeman et al. (1995) presented the Iowa driving simulator based 
on a large parallel robot, the robot was a Stewart Platform configuration with a simulated cabin 
mounted on a moving platform, the cabin is controlled to move in 6 degrees of freedom, includ
ing 2 rotations and 3 translations, according to the signals extracted from the virtual reality simu
lation model. Kane et.al 2004 built a flight simulator based on the point-mass cable robot with 3 
degrees of freedom and controlled by 4 cables. The authors have mentioned the cable tension 
feedback but did not apply it to the controller design, which could lead to cable slack causing 
instability of the moving platform. An experimental model to test the calculation results, the ini
tial experimental results show the feasibility of the solution for the requirements of simulating the 
position in the workspace (not including the orientation). Kljuno and Williams (2008) introduced 
a Vehicle Simulation System using a suspended CDPR configuration. This article studied a robot 
suspended by over-constraint 6 DOFs with 9 cables to control the movement of the moving plat
form with a fuzzy logic-based controller. The tension solution is determined based on the numer
ical iterative method. The analysis results are simulated on Matlab to evaluate the feasibility of 
the mathematical model of the system. The simulating results show that the cable tension has a 
large change during the control process with many cable tensions reduced to the minimum value, 
especially in the large trajectory. This is not suitable for VR applications because cable tension 
can exceed maximum or minimum values, causing unsafe and instability of the system. 
Miermeister et al. (2016) introduced a prototype of a large-scale motion simulation system based 
on Cable Driven Parallel Robots. A CDPR prototype is designed to simulate motion for humans 
with the dynamic properties of the system. The research results were tested on the helicopter 
pilot training simulation process, the summary results show that there are still some problems 
arising in the use of cables as actuators that need to be improved such as distributing cable ten
sion and eliminating unwanted cable excitation noise.

The existing problems of the research and development of VR motion simulators based on 
traditional robots (serial robots and rigid-linked parallel robots) are high cost and limited work
ing space. Models developed based on cable robots have a great deal of potential due to their sim
ple structure, ease of installation, and low cost, especially for configurations requiring extremely 
large loads and workspace (Amare et al. 2018). The advantage of a CDPR is that the actuator has 
a small size, resulting in a small inertia of the actuator and mechanism, this is suitable for appli
cations where flexible motion control is required while still responding to high loads and high 
speeds. The problem of determining dynamic load limits is useful for variable load CDPR appli
cation studies, especially for fully or over-constrained CDPRs, where additional cables can dis
perse the load, thereby increasing the load carrying capacity or reducing the tension limit 
(actuator power for given trajectories) (Korayem and Bamdad 2009). Controllers with algorithms 
for determining the dynamic load carrying capacity (DLCC) have been designed and applied to 
the under-constrained CDPR studied (Korayem, Tourajizadeh, and Bamdad 2010; Korayem et al. 
2014), the results show the relationship between dynamic load carrying capacity, the torque of 
actuators and the controller. This result is the foundation for the optimization problems of path 
control according to the parameters of dynamic load and power of the actuator. To reduce com
putation time in real-time controllers, Zhang et al. (2022) have developed a controller called 
Dual-Loop Dynamic Control, in which, the tension control loop has a tension distribution algo
rithm that is calculated offline using the Moore–Penrose pseudoinverse matrix, the aim is to 
decrease the influence of the cable tension problem on the controller response. The results are 
tested on point-mass CDPR 3 DOFs − 4 cables, but not applied on over-constraint CDPR 6 
DOFs. Santos, Gouttefarde, and Chemori (2022) built a Nonlinear Model Predictive Control to 
monitor the position of the CDPR, which has a built-in tension distribution solution. 
Experimental research results on CDPR 6 DOFs driven by 8 cables show that the tracking 
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accuracy has been significantly reduced compared to previous studies. Ueland, Sauder, and 
Skjetne (2021) introduced a method of tension distribution for over-constrained CDPRs with the 
goal of continuous cable strains. A new objective function is designed to ensure continuity for 
cable tensions and avoid discontinuous accelerations of the actuator, however, the number of iter
ations of the tension distribution algorithm needs attention because only suitable for offline com
puting requirements. Gouttefarde et al. (2015) have developed a cable tension calculation 
algorithm called the “Versatile Tension Distribution Algorithm”, which is applied to 6 DOF 
CDPRs driven by 8 cables. With this configuration, the possible set of cable tensioning solutions 
is a 2D convex polygon with 2 redundant cables. The algorithm is designed based on determining 
the vertices of the polygon clockwise or counterclockwise. Calculation results were verified on 
two 8-cable CDPR 6-DOF samples in CABLAR and CoGiRo projects. This method is effective 
with different requirements to determine the optimal tension distribution, as well as to establish 
the maximum number of repetitions in the worst case.

In general, for CDPRs designed for purposes that perform tasks requiring real-time control, it 
is necessary to have an appropriate cable tension distribution calculation model, both to ensure 
the calculation time and to satisfy the constraints on tension limits, continuity, and controller 
response. For heavy load applications, high cable tension can distort the control trajectory, affect
ing controller response due to the elasticity of the cable, cable distribution, and cable tension 
measuring device. Based on the previous studies, this paper introduces a VRMS driven by a 
CDPR. This VRMS consists of an over-constrained suspended CDPR with a motion simulation 
cabin placed in a moving platform for the user. The signal from the VR is extracted and con
verted into a CDPR control signal. Position control modifier with cable tension distribution algo
rithm that takes into account the influence of elasticity of cable winches and cables designed to 
control CDPR. Compared with the implemented configurations, the proposed structure of CDPR 
has the advantage of reducing the capacity of the actuator, thereby reducing the manufacturing 
cost, as well as the system size.

The contributions of this paper are determining the compensation for cable length due to the 
deformation of the cable transmission system, taking into account the elastic model of the trans
mission mechanism. Based on the calculation results, build the cable tension distribution suitable 
for the high-speed controller of a VR simulator and design a controller for CDPR in the virtual 
reality motion simulation system. Research results are tested on a CDPR concept, the main sys
tem parameters were collected and analyzed to evaluate the system’s performance, as well as iden
tify any remaining issues that need to be resolved in the future.

2. Kinematic model of CDPR

The moving platform of the CDPR is controlled by the movements of the cables, which are 
distributed by the winches. The control signal is calculated through the inverse kinematics 
problem of CDPR, the inverse kinematics determines the lengths of the cables for a given 
moving platform pose and must be calculated to control the position of the moving platform 
according to a given trajectory. In this study, the poses of the simulator’s cabin are extracted 
directly from the virtual simulation data and sent to the inverse kinematics calculation pro
gram to combine the corresponding control signals for the actuator. The complexity of the 
kinematic model of the CDPR is to satisfy the tension and equilibrium constraints of the sys
tem. The CDPR is a parallel robot structure with the actuators being cables and the moving 
platform is connected to the actuators through cable suspension anchor points. The cables are 
distributed by winches placed on the fixed frame, through controlling the length of the cables, 
the moving platform is moved to the given poses. The structure of CDPR easily achieves a 
large workspace, high payload, and low cost; these characteristics make CDPRs particularly 
suitable for motion simulation applications such as training or entertainment purposes. The 
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inverse kinematics of the CDPR is finding the control variable for the motor (qi, i¼ 1, 2, … , 
n) with tension distribution to satisfy the equilibrium equation and kinematic constraints cor
responding to the desired pose of the moving platform (p, R). In the kinematic of CDPR, the 
structural matrix is obtained from the wrench equilibrium equation of the moving platform as 
the following equation.

As¼JTs¼� w (1) 

where J is the Jacobian matrix and A 5 JT is the structure matrix of CDPR.
The kinematic model of CDPR is illustrated in Fig. 1. Assuming that pulleys are considered as 

the fixed anchor points attached to the fixed frame denoted by Ai, while the moving anchor point 
attached to the moving platform is denoted by Bi, bi denotes vector PBi in frame Fp, p denotes 
vector OP in frame Fb, G is the center of mass of the moving platform, Fp is the local frame 
attached to moving platform and Fb is the main reference frame of the system. Similar to typical 
parallel robots, the inverse kinematics of CDPR can be obtained by the vector method. The Li 
denotes the vector of the ith cable calculated as follows:

Li¼uiLi¼p1Rbi� ai (2) 

where ui and Li denote the unit vector and the length of the ith cable:

ui¼
Li
kLik

(3) 

The R denotes the rotation matrix representing the orientation of Fp in frame Fb.

R ¼
cbcc sasbcc − casc casbcc þ sasc
cbsc sasbsc − cacc casbsc − sacc

−sb sacb cacb

2

6
4

3

7
5 (4) 

In Equation (4), c and s stand for cosine (�) and sine (�) functions, a, b and c are respectively 
rotation angles around the x, y, and z-axis. Derive Equation (2), note that bi¼R3bi and ai’ 5 0, 
the result is obtained as following equation (Chellal et al. 2013):

_Li¼uiT _p1ðbi3uiTÞx (5) 

where _p and x denotes the linear and rotational velocity vector of the moving platform expressed 
in the Fb frame.

x¼E a
_

b
_

c
_

h iT
(6) 

Figure 1. Kinematic model of CDPR.
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E ¼
cccb −sc 0
sccb cc 0
−sb 0 1

2

6
4

3

7
5 (7) 

The velocity kinematic of CDPR can be obtained in the following form:

_Li¼J _p x
� �T (8) 

J ¼

u1 Rðb13u1Þ

u2 Rðb23u2Þ

..

. ..
.

um Rðbm3umÞ

2

6
6
6
6
4

3

7
7
7
7
5

(9) 

Eqs. (6) - (9) show the relationship between joint and moving platform velocity and J is the 
Jacobian matrix of CDPR. These equations are used to calculate the dynamic model of CDPR 
and integrated into the motion and velocity controller of the CDPR.

3. Dynamic model of CDPR

Generally, the dynamic of CDPR is used for the design of the controller with the conditions of 
structure, velocity, acceleration, and payload. Dynamic models of rigid link robots cannot be 
applied to CDPR because of the constraints of the distribution of positive cable tension directly 
acting on the moving platform. The general dynamic model of the CDPR has the following form 
(Chellal et al. 2013; Gagliardini, Gouttefarde, and Caro 2018):

we� Hx}� C _x1wg � JTs¼0 (10) 

where we is the external wrench (force) acting on the moving platform; H is the spatial inertia 
matrix of the moving platform and C is the matrix of the centrifugal and Coriolis forces, wg is 
the gravity wrench, s is the tension of driven cables.

H¼ mpI3x3 � MX̂p

h
MX̂pIp� (11) 

where mp is the mass of the moving platform; I3 3 3 is the identity matrix; MX̂p is the skew- 
matrix associated with the first momentum MXp of the moving platform expressed in frame Fb; 
Xp¼ xg , yg , zg½ �

T is the coordinate of the center of mass G in the frame Fb.

MXp¼R mpxg , mpyg , mpzg½ �
T (12) 

Based on Huygens Steiner’s theorem, the inertia tensor matrix IP of the moving platform can 
be obtained as:

IP¼RItRT� MX̂pMX̂p

mp
(13) 

It ¼
Ixx Ixx Ixz

Iyx Iyy Iyz

Izx Izy Izz

2

6
4

3

7
5 (14) 

where It is the moving platform inertia tensor. Coriolis and centrifugal forces acting on MP dur
ing movement are determined as follows:
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C _x¼ x̂ x̂MXp
�

x̂Itx� (15) 

where x̂ is the skew-matrix associated with the angular velocity x of the moving platform 
expressed in frame Fb. Since the center of mass G and the origin P of frame Fp of the moving 
platform do not coincide, the gravity wrench is obtained as:

wg¼
mpI3x3

MX̂p

"

�g (16) 

The dynamic model of the driven motor can be obtained (Picard et al. 2020):

Iq€/þ f v/
_

þ f ssignð/
_

Þ −
k
rw

s¼smo (17) 

where / ¼ [/1, … , /i, … , /m]T is the matrix of the position of the motors, Iq (m�m) is the 
inertia of the actuators and rotating parts of the winches, fv (m�m) denotes the viscous diagonal 
matrix, fs (m�m) denotes the dry friction coefficients diagonal matrix, k is the reduction ratio of 
the gearbox of the motor, rw is the radius of the winch. The relationship between the motor 
angles and the position of cables is defined by the following equation:

/i ¼
DLi

ji
rwi ¼

Li − Loi

ji
rwi; /

_

i ¼
_Li

ji
rwi ; €/i ¼

€Li

ji
rwi (18) 

The CDPR dynamics problem is represented in Eqs (10)-(17). This result is used in the design 
of the controller for CDPR, where the cable tension will be calculated according to the given 
binding conditions.

4. Tension distribution solution

Cable tension distribution is an important problem in the design and control of CDPRs, espe
cially for redundant CDPRs. The cable tension is calculated based on the kinematic model, the 
constraint conditions on the limit of the actuator, and the rigidity of the system. Tension con
straints can also be used as a direct input to controllers, dynamics, and workspace definition 
(Tho and Thinh 2022). Cable tension not only keeps the balance of the system but also ensures 
the minimum tension and maximum tension of the driven cable, since the cables only exert pull
ing force, the cable tension must always be positive and not exceed the limit of the cable distribu
tion motor.

4.1. Closed-form method

To expand the workspace, increase the speed and load capacity of the cable, and reduce the 
power of the cable distribution motors, a redundant suspended CDPR 6 DOFs driven by 8 cables 
is used to build the motion simulator in this paper. This configuration has two degrees of redun
dant, due to there being many tension distributions for each pose of the MP, the problem to 
solve is to determine the solution to satisfy the following dynamic constraints and optimize con
ditions:

As¼Hx}1C _x� wg 0 � smin � s � smax (19) 

To determine a solution of cable tension satisfying the constraints of force equilibrium and 
dynamics in Equation (19), many methods were used to find the optimal tension distribution 
such as Linear Programming, Quadratic Programming, and Closed Form Method. For high- 
speed control requirements, the cable tensions are chosen to be preferred near the average value 
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of the limits of cable tensions, reason is to reduce the possible overload of the motor while 
ensuring the stiffness of the system. In this paper, the Closed-Form Method (Pott, Bruckmann, 
and Mikelsons 2009) is used to find the optimal cable tension distribution solution. The advan
tage of this method is the short computation time, which is suitable for real-time control for 
motion simulation applications. This method starts by dividing the cable tension into 2 compo
nents as follows:

s¼sM1sA (20) 

where sM is the average cable tension and sA is any force vector of the ith cable, Eq (19) is rewrit
ten as:

AsA¼Hx}1C _x� wg � AsM

sM ¼
smin1smax

2
, 0 � smin� s � smax

(21) 

The least-square solution that satisfies Equation (19) is determined with the Euclidian norm 
(p¼ 2) by the Moore-Penrose inverse matrix.

A1¼ATðAATÞ
� 1 (22) 

Multiply both sides of Equation (21) by A1, we get as.

sA¼A1ðHx}1C _x� wg � AsMÞ (23) 

The tension distribution can be obtained by substituting Equation (23) into Equation (20).

s¼sM þ A1ðHx}1C _x� wg � AsMÞ (24) 

4.2. Compensation for cable length due to the deformation of the cable transmission 
system

Figure 2 shows the schematic of the transmission cable transmission mechanism, the cable length 
is determined by the respective design parameters and the coordinates of the moving platform. 
The length of the cable is measured from the encoder, to determine the control cable length, a 
fixed posture in the CDPR’s workspace is taken as the standard with predefined cable lengths, 

Figure 2. Schematic of cable winch of CDPR.
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which can be considered as the Home position with initial parameters fqhi, lhig. From this pos
ition, the absolute length of the cables li fi¼ 1, … , ng corresponding to the rotation angle of the 
motor qi can be calculated by the following equation:

li ¼ lhi þ ðqi − qhiÞr þ ðqi − qhiÞ
b

2p
(25) 

where b the width of each groove on the cable reel (mm); qhi motor rotation angle at the home 
position; lhi cable length at the home position.

In the problem of position kinematics of cable robots, the elasticity of transmission mecha
nisms and cables directly affects the control position of the moving platform, so it is necessary to 
build an elastic model based on the structure of the cable robot to increase the accuracy of the 
system. The elasticity of the cable transmission mechanism is concentrated on the transmission 
cable and the cable tension measuring device – Fig. 2. To simplify the calculation model, the elas
tic model of the cable and the tension measuring mechanism is represented in the form of a lin
ear spring model in Fig. 3a. From the elastic model of the cable tension measuring device in Fig. 
3b, we can obtain.

Dli ¼ Dlc,i þ lpi − l0pi þ lwi − l0wi (26) 

Figure 3. (a) Elastic model of cable transmission system (b) elastic model of cable tension measuring device.
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Dlc,i ¼ li − l0i ¼
si

cc,i
(27) 

Equation (26) represents the compensating length of the cable due to the elasticity of the cable 
and the actuator, where l0i fi¼ 1, … , ng is the length of the cables taking to account the deform
ation of cable transmission mechanism, Dlc,i is the elongation of the ith cable calculated from the 
cable tension and the stiffness of cable ith according to Equation (27).

cc,i ¼
EA
l0i
¼

EA
li − Dli

¼
EA
li

, Dli � li (28) 

Equation (28) is used to calculate the stiffness of the transmission cable, where E is Young’s 
modulus and A is the cross-section of the cable. In this case, because of Dlc,i � li, Dlc,i is ignored. 
From Fig. 3b, the components related to the strain of the tension measuring device lpi, l0pi, lwi, l0wi , 
Equation (26) can be calculated, assuming that Dlm,i is small.

l0pi ¼ ðl
2
pi þ Dl2

m,i − 2lpiDlm,i cos
p

4
Þ

1=2
¼ ðl2

pi þ Dl2
m,i −

ffiffiffi
2
p

lpiDlm,iÞ
1=2 (29) 

l0wi ¼ ðl
2
wi þ Dl2

m,i − 2lwiDlm,i cos
p

4
Þ

1=2
¼ ðl2wi þ Dl2

m,i −
ffiffiffi
2
p

lwiDlm,iÞ
1=2 (30) 

Dlm,i ¼ Dlp,i ¼ Dlw,i ¼

ffiffiffi
2
p

si

cm,i
(31) 

lpi ¼ lhpi þ ðqi − qhiÞ
b

2p
(32) 

where cm,i is the stiffness of the cable tension mechanism that can be obtained experimentally. 
Thus, the elongation due to the elasticity of the cable and the cable tension measuring device can 
be calculated by substituting the Eqs. (27) – (32) into Equation (26).

4.3. Compensation of cable length due to the pulley kinematic

In the transmission system for cable robots, the size of the guide pulley at the cable exit point 
affects the accuracy of the inverse kinematics problem. The anchor points at the moving platform 
are considered fixed, the exit point at the base frame is not fixed and depends on the size of the 

Figure 4. Pulley kinematic at the exit point.
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pulley, the position of the MP, and the angle of cable contact on the pulley – Fig. 4. The calcula
tion model of pulley kinematic for cable robots is referenced in (Kieu and Huang 2021).

lpci ¼ li þ rni (33) 

where lcpi length of cable ith taking to account the pulley compensation, ri pulley radius, ni wrap
ping angle of cable on pulley ith.

5. Structure of simulation system

A general VR simulator is a system that helps humans immerse in a virtual reality environment 
for entertainment or training purposes. Figure 5 shows a structure of a VR simulator consisting 
of five components: software (SW), hardware (HW), interconnection network, users, and applica
tions. In which, SW and HW are the 2 most important components, the software is always a vital 
aspect of any contemporary computer system. To model and simulate objects, any computer lan
guage or graphical software can be utilized. Shaping and simulation are the two primary functions 
of any software. After that, the software must be able to simulate the motion and behavior of the 
object. The hardware of a simulation system includes the computer, input devices, and output 
devices. The computer is responsible for recreating the real environment through the output devi
ces, which are sensory displays and sensory feedback to bring players into the 3-D virtual envir
onment. The sensory display is commonly used as virtual reality glasses and headsets that help 
players see 3D visuals and sounds, while sensory feedback (pressure feedback, vibrotactile feed
back, force feedback … ) recreates tactile sensations when the user touches and holds or acts as a 
force on objects. Input devices help the user interact with the virtual environment, they can rec
ognize where the user is pointing or looking, such as wire gloves, head-trackers, or other devices, 
thereby helping players move in the virtual environment and manipulate virtual objects.

5.1. Controller of VR simulator based on CDPR

The goal of a CDPR controller in a virtual reality motion simulation application is to control the 
moving platform to achieve the desired position and orientation in real time, which requires the 
controller to respond to acceleration and velocity components with nonlinear dynamic and kin
etic models. It is also important that the position, velocity, and acceleration of the moving plat
form are designed in the Cartesian coordinate system, but the direct control variables are the 
cable length, in addition, the joint trajectory is designed with the complicated constraint condi
tion such as the tension is always within a given limit, because the cables do not exert a push 
force, only a pull force on the moving platform. Thus, the nonlinear model of the transformation 
between the coordinates is designed to control the moving platform coordinates. The control 

Figure 5. Simulation system block diagram.
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model for this system is built based on the kinematics and dynamic model that includes tension 
distribution, elastic model of cable transmission mechanisms, and PD controller. The objective of 
this section is to design a controller for CDPR that integrates cable tension control taking into 
account the cable elasticity and driven mechanism to improve speed, reduce errors and ensure 
safety for the actuator. The structure of the controller model is shown in Fig. 6. The dynamic 
block is used to calculate and transfer the tensile and friction force for the motor shafts from the 
desired control trajectory. IG and IK block denote the inverted geometry and inverse kinematics 
of velocity and acceleration.

In the simulator system, the characteristics of the payload depend on the player’s physique, so 
it is necessary to estimate and update the payload characteristics for the new player to increase 
the robustness of the system (Picard et al. 2018). The payload estimator is designed with the fol
lowing assumptions: the moving platform moves with low angular and linear velocity, and the 
moving platform is only affected by gravity, ignoring the effects of inertia and Coriolis. With x ¼
[px, py, pz, a, b, c]T denotes the poses of MP in Cartesian space including the position and ori
entation; _x (6� 1), and x} (6� 1) denotes the velocity and acceleration vector of MP. The tension 
sensors are used to estimate payload w due to gravity and mp is obtained from the following 
equation:

JT

s1

..

.

s2

..

.

s3

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

¼

0
0

−mpg
−mpgyg

mpgxg

0

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

(34) 

where s is the tension vector calculated by Equation (21), and vector sc is the computed torque 
obtained by the dynamic block. The length of the cable and motor rotation angle relationship is 
expressed in Eqs (17)-(18). The PD motor controller is built as follows:

sPD ¼ Kd _eþ Kpe (35) 

where Kd and Kp are the derivative and proportional gains of the PD controller, both factors can 
be calibrated so that the moving platform can reach the required precision; e and e’ denote the 
position and velocity errors of the motor rotation angle.

Figure 6. Controlling scheme of CDPR.

MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES 11



5.2. Static workspace

Static workspace or pseudo-static workspace of CPDR is determined by only considering static 
wench. Consider Equation (11) and ignore the force of inertia and Coriolis, the problem of deter
mining the workspace of CDPR becomes the problem of finding the existence of a cable tension 
solution satisfying the following system of equations:

we1wg � JTs¼0 smin � s � smax (36) 

Equation 36 can be analyzed in many ways to determine the existence of a valid tension distri
bution solution. Figure 7a shows the translational workspace with zero directional angles of the 
moving platform, Figure 7b is the workspace taking into account the directional rotation angles, 
with the limits given in Table 1 and the cables tensions for both cases limited to the range [50– 
800] N. These two results show that the workspace is significantly reduced when the rotation 
angles are changed within a given limit, increasing the limit of rotation angles will rapidly reduce 
the size of the workspace. This is very important for designing the trajectory for CDPR, ensuring 
the design trajectory is in the safe zone, and avoiding damage to the actuators due to excessive 
cable tension when the moving platform coordinates are outside the static workspace.

Figure 7. The static workspace of CDPR, (a) translation workspace; (b) rotation workspace.
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6. Experiments and discussions

CDPR has a simple structure, with a large workspace and high acceleration due to the low inertia 
of the drive links. These advantages make it possible to create a VRMS with low cost, high flexi
bility, and easy configuration change. In particular, it is possible to expand the workspace without 
having to replace the actuator due to the large cable storage capacity. To give players a sense of 

Table 1. Specification of CDPR.

Particulars Specification

Dimension of fixed frame (LxWxH) 6180� 6180� 3200 mm
Dimension of moving platform (LxWxH) 985� 935� 1401 mm
Force feasible workspace 4000� 4000� 2000 mm
Rotation angle of MP x – y: ± 400; z: ± 100

Tension [40-800] N
Number of cables 8
Number of DOFs 6
Maximum velocity 760 m/s
Maximum acceleration 7 m/s2

Maximum load 100 kg

Figure 8. The CDPR prototype and cable winch for motion simulator.
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immersion in the virtual environment, the seats are placed in the moving platform finished in the 
same material as a car seat, and the two armrest positions are also covered with leather. In add
ition, the seat has a seat belt to improve the safety of the user. A virtual thrilling ride 3D game 
was used to test the system’s ability for simulating movement, the signal of the game was 
extracted and changed to the poses for the moving platform, respectively. The software is 
designed to solve the kinematic and tension solutions, then analyzing results are transferred to 
the position controller to control the length of the cable.

Figure 8 depicts the structure of the CDPR-based motion simulation system and the cable 
winch used to experiment. The system consists of a simulated cabin mounted in a cable-con
trolled moving platform. The moving platform with 6 degrees of freedom is connected to a fixed 
base via 8 cables. The Suspended Over Constrain CDPR configuration allows the cabin to per
form movements in 3D space, including position and orientation according to given signals. The 
specifications of CDPR are shown in Table 1.

The experimental process is built based on signals from 3D video, players will wear virtual 
reality glasses and sit in a cabin equipped with seat belts, when the simulation video starts, the 
signals from the video are extracted in the form of the positions and orientation of the cabin, 
these signals are converted into the motion control signal of the CDPR, the control signals are 
recorded and compared with the response signal from the encoders of the drive motors for evalu
ating the response of the controller. Cable tension is also measured to assess the safety of the sys
tem. Figure 9 is the experimental results of the VRMS, the position and direction response are 
consistent with the signal from the virtual motion video. Figure 9a is the response of the moving 
platform to the tilt angle of the sled going down low, the moving platform is controlled to tilt 
forward, Fig. 9b is the response of the moving platform to the tilt angle of the sled going up, the 
moving platform is controlled to tilt backward, Fig. 9c is the response of the moving platform to 
the low right slope of the sled, the controlled moving platform is tilted forward and left, Fig. 9d 
is the response of the moving platform to the tilt angle of the sled ascending to the left, the mov
ing platform is controlled to tilt backward and to the right. The initial experimental results show 
that the response of the system is compatible with the signal from the virtual reality simulation.

The joint control trajectory designed for the VR trajectory of the moving platform is shown in 
Fig. 10a. Figure 10b shows the difference in joint trajectories when the effects of cable tension 

Figure 9. Experimental results of the VR motion simulation.
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and the elasticity of the cable transmission mechanism were not included in the model when they 
should have been. To achieve this, a method of determining the joint trajectories based on the 
direct invert kinematic model will be used over the entire VR trajectories. The next step involves 
determining the length of each cable corresponding to the VR trajectory using a cable model that 
takes into account the effect of the feedback cable tension and the elasticity of the cable 

Figure 10. (a) Cable lengths in the experiments. (b) Offset lengths of cables in the experiments.
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transmission mechanism. It allows us to compare two joint trajectories obtained with the same 
moving platform trajectories. The results show that the compensated cable lengths due to the 
influence of cable tension and the deformation of the cable transmission mechanism have similar 
shapes to the feedback cable tensions as well as the length of the cables, which is consistent with 
the model that has been built. Figure 11 is the cable tension measured during the moving plat
form performs a thrilling ride simulation, this experimental result shows that the integrated con
troller with cable tension algorithm gives non-negative cable tension control results and is always 
within the allowable limit. The cable tension fluctuation amplitude fluctuates in the range [50 
400] N and has a continuous form according to the design trajectory. Some cable tensions 
approach the lower limit and have high fluctuations, this is due to tension controller hysteresis, 
the error of mechanical structure and measurement equipment, however, due to redundant con
figuration with DORs ¼ 2, the stability of the moving platform is still guaranteed by the remain
ing cables. This result shows that the control model with the cable tension distribution algorithm 
satisfies the requirements, as well as demonstrates the effectiveness of the cable tension distribu
tion algorithm in controlling the moving platform. The cable tension values have a continuous 
form according to the joint trajectory, ensuring the balance and stability of the cable system. 
With the total load of the moving platform and the player about 1000 N, the cable tension distri
bution solution and the controller came into play, evenly distributing the load with a maximum 
cable tension of only 400 N. This has important implications for the optimal design of transmis
sion parameters, which can use small-size actuators to move large loads.

Figure 12 depicts the real-time coordinates of the moving platform extracted from the virtual 
reality thrilling ride simulation video. Based on the motion properties of the object to be simu
lated, the coordinates in the z direction and the two rotation angles a(Roll) and b(Pitch) around 
the x and y axes change, and the remaining coordinates are fixed. During operation, the rotations 

Figure 11. Cable tension in experiments.
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around the x and y axes are limited to [-40
�

, 40
�

], and the rotation around the z-axis is limited to 
[-10

�

, 10
�

], the z coordinate is controlled within [200, 1800] (mm) (Fig. 12a) to ensure that the 
positions of the moving platform are not outside the pre-calculated workspace. The 6-axis 
Motion Tracking device includes a 3-axis gyroscope, and a 3-axis accelerometer used to measure 
the rotation angles of the simulation cabin. Figures 12b and 12c show that, the angular response 
of the elastic-compensated kinematic model has a better response than the direct kinematics 
model, and the rotation angles amplitude compared to the desired signal is also significantly 
improved. This shows that the cable tension feedback control model that takes into account the 
deformation of the cable transmission mechanism has an impact on the system stability, the amp
litude and frequency of the feedback rotations show the vibration is significantly reduced.

Figure 12. (a) Z axis coordinates from Game; (b) Roll angles from Game and Experiment; (c) Pitch angles from Game and 
experiment;.
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7. Conclusions

The paper described a complete VR motion simulator system based on a type of cable-driven par
allel robot (CDPR). The key components of this system were modeled, calculated, fabricated, and 
tested on 6 DOFs suspended CDPR driven by 8 cables. To design a controller for a virtual reality 
simulation system, the kinematics, dynamics, workspace, cable tension distribution algorithm, and 
deformation of cable transmission mechanism are integrated into the CDPR controller. The cable 
tension distribution algorithm is applied to calculate the tension for the controller to ensure the 
stability of the simulated cabin as well as the safety of the cable transmission mechanism. 
Moreover, the noise caused by the cable tension acting on the elastic mechanisms of the cable 
transmission system has also been calculated. The PD torque controller is designed to control the 
movement of the cabin based on the kinematics, tension distribution, and workspace models. A 
real-time model for estimating the mass change of the moving platform is also built through the 
cable tension measurements, which allows the controller to be continuously updated with the 
load value. The controller can control the robot according to the signals collected from the virtual 
reality motion simulation video, experiment results show that the controller works with high sta
bility, and the speed and position of the simulated cabin are precisely controlled according to the 
signal received from VR Game. The tension values obtained from the tension measuring devices 
are all within the limits and have a continuous form according to the control trajectory, the com
pensated value of joint variables (cable lengths) due to the deformation of the cable transmission 
mechanism is suitable with the calculated model, these ensure the rigidity and stability of the VR 
system. Based on these results, the main objectives in the future will be to design and improve 
control algorithms for high-dynamic simulation scenarios taking into account the sagging of 
cable. Combining virtual reality with a CDPR system to create a simulated environment makes 
users immerse themselves in the experience of simulating the internal environment. Instead of 
viewing a screen in front of them, the immersed user can interact with the 3D world through the 
assistive device. When any simulation motion is simulated, it brings many practical experiences 
for users. It has the potential to be developed into a support system for practicing flying military 
aircraft.
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Abstract—One of the most important problems in robot 

modeling and control of cable robots is the problem of 

inverse kinematics, that is, using the coordinate data of the 

end effector to calculate the corresponding joint variables. 

Especially with regard to the kinematics of the cable robot, 

the sagging of the driven cable can have a significant effect 

on the calculation of the cable length, and this is more 

evident when the cable length is large, for example in 

construction or agriculture applications, where needs a 

large workspace. The determination of cable deflection 

considers modeling the cable as a chain model rather than 

calculating the cable length as a straight-line model. 

Furthermore, due to the structure and constraints of cable 

robots or Cable Driven Parallel robots (CDPRs), the system 

modeling and simulation becomes complicated, thereby 

increasing the computation time. In this paper, we propose 

an algorithm of Adaptive Neural Fuzzy Inference System 

(ANFIS) that is used to solve the cable sag problem for the 

4-cable robots. This model was applied to estimate the cable 

sag for medium-sized cable robots with low travel speed and 

does not take into account the impact of cable elasticity. A 

simulation model was conducted and the results showed the 

advantages of this method in increasing the probability of 

convergence with small errors. The results of computation 

and experiment are analyzed to evaluate the effectiveness of 

the proposed model 

 

Index Terms—Cable robots, forward kinematics, inverse 

kinematics, cable sagging, ANFIS 

 

I. INTRODUCTION 

In recent times, there are many large-sized cable robots 

was built and applied due to their advantages [1-3]. Cable 

Robots or Cable driven parallel robots (CDPRs) are a 

special type of robots with parallel structure, they are 

formed by replacing all of the hard links supported by 

cables, compared to traditional robots, these robots are 

well-suited to a variety of potential applications [4-5]. 

One of the complicated issues when designing and 

calculating the precise control of cable robots is the 

influence of cable sag, especially for large sized robots. P. 

Merlet [6] develops a mathematical model to analyze the 

singularity of the forward and reverse kinematics problem 

                                                           
Manuscript received October 1, 2021; revised December 3, 2021. 

of cable robots taking into account cable sag of cable, 

based on Irvine's elastic catenary. The results show that 

both kinematic problems have singularities and these 

points are usually located at the boundary of the active 

space. The "elastic catenary" was developed by Irvine [7] 

used to simulate the cable lengths and then handle the 

inverse pose kinematics problem in this study. They also 

offered experimental validation, demonstrating that the 

elastic catenary equations and experimental results are in 

good accord. The difference between theoretical and 

experimental cable tension is also provided by Russell 

and Lardner [8] based on an experimental model of 

elastic catenary models. Dheerendra Sridhar and Robert L. 

Williams II [9] propose a method to investigate the 

differences in cable length errors and computation, 

comparing the straight‐line cables assumption vs. a 

cable‐sag model, the study and analysis of the effects of 

cable sag on the calculation of cable length in CDPRs has 

been conducted the primary goal of the research. The 

study also looked into the consequences of cable density, 

cable diameter, robot footprint size, and computational 

requirements. Yu Su, Yuanying Qiu, and Peng Liu [10] 

employ the proposed dynamic model and the sag-to-span 

ratio as constraint requirements to find the best model for 

distributing cable tensions of CDPR used for moving 

camera and driven by 4 cables. An optimization method 

is developed based on the ideal model to find the optimal 

solution satisfying the constrained conditions in an 

infinite number of possible solutions. M. Gouttefarde, J. 

Collard, N. Riehl and C. Baradat [11] presents a method 

to determine cable deflection based on parabolic and 

linearized Irvin models. From there, the cable length with 

sag was calculated by the linear relationship between the 

components to decrease the computation time. The model 

is only valid for cable robots with the same number of 

cables as degrees of freedom. 

The cable can only work unilaterally under tension and 

without compression, which is a key feature of cable 

controllers. The CDPRs have many different 

classification methods. Robot cable can be classified 

according to the following requirements: m is the number 

of cables, while n is the number of degrees of freedom. 

Ming and Higuchi [12] proposed this kinematic 

categorization to distinguish between cable robots. In this 
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paper, we modeled a CDPR has 3 DOF and driven by 4 

cables that are fully constrained with m=4, n=3 and 

present the structure and inverse kinematic problem (IKP) 

of this robot. The sagging of cables base on tension force 

distribution was compute by algorithm method to create 

train data for configuring the ANFIS model, the ANFIS 

model is used to predict cable sag in its workspace that is 

only deflected by its own weight.  

II. INVERSE KINEMATIC OF THE 4 CABLE ROBOTS 

TAKING INTO ACCOUNT SAGGING OF CABLES 

Fig. 1 illustrates the kinematic structure of the four 

cables CDPR, where P and Ai, i = 1, 2, 3, 4, are 

connecting points of the ith cable attached to the moving 

point and four columns of the robot frame, respectively. 

Variable vectors l1, l2, l3, l4 denote the straight length of 

cables. Unlike the inverse kinematics problem (IPK) of 

rigid-linked robots, the IPK of cable robots consists of 

finding the theoretical cable lengths corresponding to a 

given moving point P simultaneous with solving the force 

distribution problem to find the cable tensions 

corresponding to static equilibrium, then calculate the 

length of the cable with sag with the cable tension and the 

length of cables respectively [8-11], straight -line cable 

length can be presented in vector form 

 i il OP OA   (1) 

where i =1, 2, 3, 4 

The static equilibrium equation of this system can be 

present in Oxyz as 

 

4

1

0i

i

F 


 
 (2) 

where F is the sum of external force acting on moving 

point, τi > 0 are tension of cables. 

In this case, the cable robot has 3 DOFs driven by 4 

cables so redundant of system is 1, equation (2) becomes 

 F + Aτ 0  (3) 

where A is structure matrix of robot, τ = [τ1 τ2 τ3 τ4]T is 

tension matrix. The structure matrix is given by 
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Figure 1.  Cable robots with 4 sagging cables 
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Figure 2.  The cable model with sagging 
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u is unit vector of cable i. 

To calculate the corresponding sag cable length, 

Irvine's famous chain cable formula is applied [7-11], 

with the cable model between two points given in Fig.2, 

where A and P is connecting point of cables on base 

frame and end-effector of robot, LS  is the distance 

between A and P or the length of straight cable, L is the 

cable length from A to P taking into account the cable 

sagging,  τx and τz are the components of tension τ on X 

and Z axis act on P, and (xp, zp) are the coordinates of the 

moving point, g is the gravity acceleration. The 

relationship between cable length with sagging, straight 

cable length and cable tension are simplified by the 

equation represented as follows. 

 

1 1sinh sinh
x z z L

p

L x x

gL
x

g

   

  

 
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 (6) 

Thus, to find the cable length taking into account the 

cable sagging, equations (1-6) must be solved 

simultaneously, this is a nonlinear system, which can be 

solved by numerical method. However, the long 

computation time is a problem that needs to be 

considered for cable robot control applications. Some 

studies have linearized the relationship of the components 

in this system to reduce computation time [11][13], 

however the results only apply to specific configurations.  

In the next section, we use numerical methods to 

calculate the sag cable length in the entire workspace of 

robot, then combine the data to establish the ANFIS 

models used to predict the sag cable lengths for the 

configuration of cable robot above, then evaluate the 

accuracy of the results from the built model with 

numerical methods. 
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III. ANFIS MODEL FOR PREDICTING SAGGING OF 

CABLE 

ANFIS - Adaptive neuro-fuzzy inference system - is a 

combination algorithm between Fuzzy Inference system 

and artificial neural network, this combination takes 

advantage of two models: fuzzy logic allows easy system 

design, in then the neural network allows to learn what 

we ask of the controller [14-15]. It modifies functions 

dependent on shape, position and combination completely 

automatically. This reduces the time as well as the cost of 

system development. The ANFIS function creates a fuzzy 

inference system (FIS) utilizing the provided input/output 

data set, and its membership function parameters are 

changed using neural network training procedures such 

backpropagation or combine propagation with the least 

squares approach. As a result, our fuzzy system can 

"learn" from the data set. With the nonlinear relationship 

between input – moving point coordinates - and output - 

cable deflection shown in equations 1-6, the input-output 

nonlinear relationship in the fuzzy model needs to be 

built depends heavily on the fuzzy partitions of the input-

output space. Therefore, determining the membership 

function in fuzzy models becomes very important. In 

fuzzy neural networks, this tuning can be considered as 

an optimization problem using learning algorithms to 

solve. By assuming the membership functions have a 

certain shape, then proceed to change the parameters of 

that shape through the process of learning by neural 

network. Thus, we need a data set in the form of desired 

input-output pairs for the neural network to learn and also 

need a table of initial rules based on those dependent 

functions. 

In this study, a ANFIS model was developed for 

predicting cables sag of CDPR with 3DOF driven by 4 

cables, the static workspace of robot was show in Fig.3. 

All training data for were collected on workspace of robot, 

i.e points that satisfy the equilibrium equation [8-11]. The 

Dual simplex Algorithm was used to calculate the cable 

tension for these locations under the condition that the 

sum of the cable strains is minimal, then the Trust-

Region-Dogleg algorithm was used to determine the 

lengths of cables with the corresponding cable sagging 

[16].  

 

Figure 3.  The workspace of 4 cables CDPR 
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Figure 4.  Proposed ANFIS architecture for cable sagging prediction 

 

Figure 5.  ANFIS structure for a cable 

CDPR parameters are given in Table I and data of the 

IKP taking into account cable sagging are used for 

training ANFIS model, and also used to evaluate the 

accuracy of the model over the entire operating space. In 

the model with 3 inputs being the coordinates of the 

moving point and 4 outputs being the sagging of the 4 

cables respectively, to predict the cable sags reported in 

this paper, a parallel ANFIS system is created. Fig.4 

depicts a system made up of four parallel ANFIS models, 

each of which receives the moving point's location as 

input. A first-order Sugeno model with 27 rules and three 

generalized Gaussian membership functions is used to 

generate the ANFIS. The number of membership 

functions for each ANFIS was calculated through 

experimentation. The multi-layer feedforward adaptive 

network ANFIS structure phase i(i=1,...,4) is depicted in 

Fig.5. The CDPRs' position coordinates are described in 

the first layer, which has three inputs. The rule layer is 

the second layer, which calculates the firing strengths of 

each rule using the Product t-norm. After that, a layer of 

normalization is performed. The training rule option is 

the Levenberg–Marquard variation of the gradient 

backpropagation method. A single output layer reflects 

the sinking value of cable i in the final layer. Three 

hidden layers are involved in inverse kinematics of 

CDPRs that account for cable sag.  

The first is the fuzzification layer, which uses Gaussian 

transfer functions to convert inputs to linguistic variables. 

When compared to normal back-propagation, this option 

provides for a significantly faster learning process with 

fewer iterations. ANFIS network with three Gaussian 

membership function and hybrid learning method is 

trained using the coordinates and sag of cables as training 
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data. On the whole wrench feasible workspace of the 

CDPR, the training data of four ANFIS networks for sags 

of four cables were gathered. The ANFIS receives the 

coordinates as input and outputs the sag. Through a 

process known as training. 

The membership functions will be changed during the 

training phase to decrease the error reach to the preset 

error or use up the preset epoch. ANFIS model will be 

fully established at the end of the training process, and it 

will be tested using the deduced inverse kinematics. Fig.6 

show the response surface of 4 ANFIS model for 

predicting sagging of 4 cables of CDPR, ANFIS models 

were built with 3998 training data pairs and checked by 

1001 data pairs, the result show that 4 surfaces have 

nearly the same shape, deviated at an angle of 90 degrees 

according to the wiring structure of the robot in the Fig.1. 

The correlation coefficients of four ANFIS models are 

greater than 0.9 and 0.934 for train data and test data 

respectively.  

The histogram in Fig.7 shows the distribution of the 

calculation errors of the ANFIS model compared with the 

TRDA model, the errors vary between -20 mm to 20 mm, 

but the number of errors greater than 10(mm) is very 

small, the error mainly focuses from -5 to 2mm for all 

cables. Compared with cable lengths from 4700mm to 

8700mm, this error is suitable for large-sized cable robots 

that are applied in tasks that do not require rigorous 

precision such as moving materials, controlling camera 

position in halls, stadiums. To evaluate the accuracy of 

this model, the following section will experiment on 

specific trajectories to analyze poses that cause large 

errors and propose options to improve the accuracy of the 

ANFIS model. 

 

 

Figure 6.  Response surface of ANFIS prediction system 

TABLE I.  SPECIFICATION OF CDPR  

Input Variable  Symbol Value 

Frame Length  a (m) 8 

Frame Width b (m) 8 

Frame Height c (m) 4 

End-effector mass Me (kg) 100 

Cable Diameter Dc (mm) 8 

 

Figure 7.  Response surface of ANFIS prediction system 

IV. EXPERIMENTS AND DISCUSSIONS 

To evaluate the responses of ANFIS models built for 

predicting sag of cables for CDPR with configuration as 

in Fig.1 and Table I, from the given trajectories, a 

computational program divides the trajectory into multi 

nodes for the robot to move, the nodes are checked to see 

if they belong to the robot's workspace, then calculate the 

distribution cable tension, cable sagging are calculated by 

two methods, which are TRDA and ANFIS, in which the 

input of the TRDA calculation method is the node 

positions and the corresponding cable tensions, while the 

ANFIS model only need information about the 

coordinates of the nodes, the cable sagging calculation 

results of the ANFIS models and the calculation method 

are performed on the same designed trajectory in the 

feasible workspace. 

Fig.8 show the result of sagging, lengths and tensions 

of cables predicted by ANFIS and computation method – 

TRDA when robot moves along the closed curve path, 

the trajectory was calculated along a curve path following 

the equation (7), with the tension distribution method was 

used, the cable sagging depend on the cable length and 

cable tension respectively. Cable sagging is inversely 

proportional to cable tension and proportional to cable 

length, the cable sagging reaches to its maximum value 

about 60mm when cable length is about 8000 mm and 

cable tension is about 80N. cable sagging approaches its 

minimum values when cable tension is greater than 500N. 

The comparison results between the cable deflection 

obtained from the ANFIS model and the TRDA 

calculation method show that the error is very small, 

close to zero in the locations with high cable tension and 
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small deflection and the cable tension and cable 

deflection changes continuously. 

The maximum error of the prediction model occurs at 

the point where there is a sudden change of cable tension 

and cable deflection, the maximum error is about 40mm 

in this position. 

2800.sin

1500.cos

1000

x t

y t

z





   

 

(7) 

Table II lists 11 node points randomly taken in the 

robot's workspace, the point-to-point trajectories are 

designed as linear motion between the nodes, the 

trajectory starts at point P1 and ends at P11 coincides 

with P1. The corresponding joint trajectory is depicted in 

Fig.9, the length of the driven cables is calculated along 

the moving trajectory of the nodes, respectively, the cable 

sagging is calculated by the two methods TRDA and 

ANFIS is illustrated in Fig.10, similar to the curve path, 

the errors predicted by the ANFIS model occur at 

locations where there is a sudden change in the 

magnitude of the cable tension, resulting in the nature 

continuity of the ANFIS model, so to improve the 

accuracy of the prediction model, it is necessary to make 

the cable tension change continuously using a suitable 

cable tension distribution model. 

 

Figure 8.  Sag of 4 cables along close-curve path 

 

Figure 9.  Length of 4 cables along linear path 

TABLE II.  COORDINATE OF NODE POINTS  

Node points  Node points 

P1(0, 0 ,400) P7(-2000, 2000, 2400) 

P2(1500, 1000, 900) P8(-500, 3000, 1400) 

P2(2500 , -500, 1400) P9(1500, 2500, 900) 

P4(1500, -2000, 1900) P10(3000, 1500, 1900) 

P5(500, -500, 900) P11(0, 0, 400) 

P6(-1000, 1000, 1400)  

 

Figure 10.  Sag of 4 cables along linear path 

V. CONCLUSION 

The results of this study show that the efficiency of 

using ANFIS model to estimate the cable sag of the large 

size cable robot. This result can be used to build a simple 

estimation model for specific cable robots, simplify the 

calculation process, with appropriate response for cable 

robot applications. The results of this paper are 

interesting because they solve a problem that no closed-

form solution is known. Therefore, ANFIS can improve 

the accuracy of cable robots and explore high nonlinear 

functions and has been successfully applied to 

approximate complex mapping between robot positions 

and cable lengths. The results of the computation of this 

paper have demonstrated the advantages of this method in 

increasing the convergence with model accuracy which is 

superior to the corresponding methods for parallel cable 

robots. In the future works, a new method of cable 

tension distribution will be studied to generate continuous 

cable tensions along the operating trajectory, which may 

increase the accuracy of the ANFIS prediction model. 

The calculated results will be tested on CDPR (Fig.11) to 

evaluate the accuracy. The ANFIS model will also be 

designed and tested on different CDPR configurations, 
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thereby having a more accurate assessment of the ability 

to use the ANFIS model in predicting the nonlinear noise 

components affecting the accuracy of CDPRs. 

 

Figure 11.  Cable robotic system in experiments. 
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Abstract—The kinematic problem of Cable Driven Parallel 

Robots is not like that of other conventional robots due to 

the transmission mechanisms are the cables that can only 

exert the pulling force on the moving frame because the 

cable cannot be used to push. Therefore, the robot can only 

perform the task if the tensions in all cables are positive. 

The calculation of the kinematics and control for these types 

of robots as well as calculating the tension distribution to 

ensure the equilibrium for the moving frame at the nodes 

have to be done simultaneously. This paper described 

analysis and experiments of a planar cable driven parallel 

robot, in which, the inverse kinematics of the robot is solved 

based on a cable tension distribution model with a quadratic 

cost function, the values of tensions of cables are preferred 

to follow the mean value of the cable tension limit. A force 

feedback controller is also designed to control the robot 

based on calculated data, then the experimental results are 

analyzed to evaluate the effectiveness of this model.   

Index Terms—planar cable robot, tension distribution, 

static kinematics 

I. INTRODUCTION 

Cable Driven Parallel Robots (CDPRs) have been 

researched and developed in many applications due to 

their advantages in structure and workspace [1-2]. CDPRs 

are a kind of parallel structure robot with cables are used 

as the driving mechanism. Each cable is stored and 

distributed by a cable winch and connected to the moving 

frame or end effector after passing through the diverter 

pulleys. The cable is lighter in weight and smaller in 

volume than the rigid link of a traditional or parallel 

robot, which enables the development of very long drive 

cables without the need for an overly large cable 

distribution mechanism. With this structure, the moving 

frame of cable robot has high acceleration and speed, 

large workspace and be widely applied in the fields of 

agriculture, construction,…[3- 4].  

Kinematic analysis of the CDPRs is not like other 

types of parallel robots because the cables can only pull a 

force to the end effector and they cannot push. Therefore, 

the robot only performs the task if the tensions in all 

cables is positive [5-7]. In contrast to the large operating 

space, the mass and elasticity of the cable will cause 
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sagging [5]. The workspace CDPRs is defined as the area 

in space where the moving frame reaches equilibrium 

status under the action of external forces and positive 

cable tensions. The workspace and performance of 

CDPRs can be expanded and improved by adding drive 

cables, but this will complicate the kinematics and 

dynamics problem and increase the cost of the controller 

and expand the mechanical structure. When the number 

of driven cables is larger than the number of degrees of 

freedom (D.O.F) of end effector, it is necessary to find 

the cable tension systems satisfying the constraint 

conditions, which affects the design of the controller and 

the application of the cable robot. Hassan Bayani et al. [6] 

developed a planar CDPR with camera position feedback 

controller several controllers (sliding, adaptive sliding) 

used to design the controller for the robot, the 

experimental results are compared to evaluate the 

response of each controller, the pseudo-inverse matrix is 

used to calculate the cable tension distribution solution, 

the calculation results can be used as reference for the 

design controllers for other cable robot configurations. 

Javad Bolboli [7] et al. analyzed the operation space 

based on the stiffness matrix of the planar cable robot 

structure, the study showed the relationship between the 

internal force and the stiffness of the structure, which can 

be used as a standard when determining the tension 

distribution of other cable-driven robot configurations, in 

order to ensure the robot's rigidity in the operating space.  
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Figure 1. Kinematic structure of Planar CDPR 
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Min-Cheol Kim et al. [8] developed a sensor-based 

capsule endoscope monitoring device based on the motion 

of a planar CDPR. A permanent magnet is placed in the 

capsule endoscope, the position of the capsule endoscope 

is determined based on measurements of the semi-static 

magnetic field of the HALL effect sensor array and the 

forward kinematics problem of the planar cable robot. 

Some other studies [9][10] also used linear programming 

and quadratic programming to calculate the distribution 

of cable tension. Most of the above studies have not 

specifically mentioned the design of the trajectory, the 

calculation of the joint trajectory and the tension for the 

control experiment, or the monitoring of the tension value 

when controlling the working head according to the points. 

given button. In order to evaluate the response and 

feasibility of designing and controlling a planar cable 

robot, this study presents a kinematic model of a planar 

CDPR driven by 4 cables and builds a kinematic 

simulation program for that model. Based on the quadratic 

programming algorithm for determining the combinations 

of tension forces, it is possible to determine the 

distribution of cable tension according to the joint 

trajectory, avoiding large changes of cable tension during 

the operation, otherwise, the tension values of cables are 

taken close to the average value to avoid cable stagnation 

when the tension is small or the motor overload when the 

tension is high due to the response of the controller. A 

cable tension feedback controller is designed to control 

the CDPR to execute the design trajectories to evaluate 

the accuracy of the calculated model. 

II. KINEMATICS OF PLANAR CABLE ROBOT 

Planar CDPRs consist of a moving frame driven by m 

cables distributed from cable dispensing mechanisms. The 

analyzed configuration in this paper includes four cables, 

which generate two degrees of freedom shown in Fig. 1. 

Each cable is connected to the fixed frame at Di points 

and to the moving frame at Ei points. The length of cable i 

is denoted by Li and the cable angle to the xi axis is θi (i = 

1, 2, ..., m).  

yP

P xP

θi

si

bi

li

αi

 

Figure 2. Diagram showing the relationship between parameters 

The inverse position kinematics assumes as follows: 

known position P to determine the cable lengths Li. From 

the position of end-effector P and each vertex Di of the 

base link, we have the below equation. 

( ) ( )
22

ix ix iy iyiL E D E D= − + −
    1,...,i m=  

 

(1) 

According to the kinetic structure in Fig. 1, we have 

like as. 

 1 2 3 4

1 0

0 1
1 1 1 1

T x

y

b b b b
P

E E E E b b b b
P

− − 
   = − −   
      
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D D D D
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− − 
=  − −   

 

(3) 

Cable tension is the force on the cable starting from the 

winch to end-effector. In moving, the robot can be 

considered to be in equilibrium status due to slow motion. 

However, the effect of cable sag needs to be taken into 

account because of the resulting length of the cable (in the 

case of a long cable). The balancing problem of a CDPRs 

is to determine the orientation and position of the end-

effector when the length of each cable is known, and the 

position and direction that can keep the robot in a state 

balance. The problem of robot kinematics is not enough to 

control the CDPRs because the cable cannot provide 

thrust but only pull forces. Cable tension greatly affects 

the determination of the workspace. From the structural 

diagram in Fig. 1, the total forces and moments acting on 

the end effector of CDPRs can be represented by 

following system of equations: 

m
x

y

F
F

F

 
=  

 
  i

i=1

+ τ

 

 

(4) 

m

z iM M s=  i

i=1

+ τ

 

 

(5) 

With si being the actuation distance of the moment 

caused by the cable tension i on P (center of end effector, 

from the diagrams of Fig. 1 and Fig. 2, we can obtain. 

sin( )i i i is b  = −
 

(6)
 

cos ,sin , 1,...
yixi

i i

i i

ll
i m

l l
 = = =

 

 

(7) 

Where F and M are vectors of the external forces and the 

external torques acting on the end effector, respectively 

(in this case, zero); τi is tension force of cable li; bi is the 

distance from attaching points Bi to the center of end 

effector P. Form the direction of driven cable, the unit 

vector ui and tension vector τi can be obtained.  

i i iτ = u
 

(8)
 



 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

    

   

 

 

 

  

 

 

  
 

 

 

 

 

 

  

  

 
 

 
 

 

 

 

 

    

 

 

 

 

  

481© 2022 Int. J. Mech. Eng. Rob. Res

International Journal of Mechanical Engineering and Robotics Research Vol. 11, No. 7, July 2022

cos

sin

xi

i ii

yi ii

i

L

LL

LL

L





 
 

  = =     
 
  

i
u =

 

 

 

(9) 

The equilibrium equation can be described as follow. 
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(12) 

Equation (10) can be written like below equation. 

p+ =Aτ  w 0
     

(13) 

where τ = [ τ1 τ2 … τm]T is a cable tension vector; AT is a 

structure matrix of the cable robot (n x m); wp is a vector 

of the external force act on the moving frame. 

Therefore, a tension distribution is calculated for 

satisfying the system of equations (13) with the specific 

constraints depending on the design of the system [9-11] 

in a given pose of the moving frame. In this case, the 

static equilibrium equation and the positive tension 

constraints as well as the magnitude limit of the cable 

tension ensure that the cable does not sag nor exceed the 

load of the motor of cable distribution mechanism. System 

constraint is shown in below equation. 

  min max0    τ
   

(14) 

where min is lower limit and max is the upper limit of 
cable tensions.  

There are many methods of tension distribution for 

cable robots to calculate tension of cables like as linear 

programming, pseudo-inverse matrix, and quadratic 

programming. Linear programming [9] is a method to 

search the best (most optimal) solution from an infinite 

number of solutions decided in a mathematical model 

with requirements are expressed in terms of equations in 

linear relationship, where the cost function value is the 

sum of the tension minimized. The advantage of this 

method is saving energy, the optimal solution is the one 

that satisfies the stated objectives of the problem 

depending on the constraints. The disadvantage of this 

method is that some of the tension tends to reach the 

boundary value, the tension values have a large change at 

the trajectory transition points, causing the actuator to be 

overloaded or causing slack on the driven cables, thereby 

reducing the accuracy of the system. The second 

alternative is to use a pseudo-inverse matrix [6] with the 

goal of finding continuous string tensions along a 

changing trajectory of joint variable, this method can 

cause some cases with points located near the spatial 

boundary workspace, the cable tension may be negative. 

The quadratic programming algorithm was used to 

calculate the sets of cable tensions with the criterion that 

the value of the cable tensions is continuous and the 

preferred value clings to the average value of the cable 

tension limits [10]. The model of the problem of 

minimizing the relative tension is shown as follows. 

2

1

min ( ) 1,...,
m

i i i m − =
 

(15) 

max min

2

i i
i

 


+
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where i  is the average of ith cables tension with 

following constrains. 

−
p

Aτ =  w
 

(17) 

min max0    τ
 

(18) 

Therefore, the objective function (15) is a quadratic 

form of first-order constraints, the sequential quadratic 

programming algorithm [11][12] can be used to solve this 

issue. The results show that the cable tension follows the 

average values and the corresponding starting trajectory, 

which is convenient for feedback control of the driven 

cable, avoiding the condition of the cable being slack or 

the tension being too large to cause motor overload.  

Calculation results of cable tension along with moving 

trajectories and joint trajectories will be performed in the 

next section. 

III. SIMULATIONS, EXPERIMENTS AND EVALUATIONS 

A prototype of planar cable robot was used to carry out 

several experiments, then experimental results also 

compared simulating ones to evaluate robot’s 

performances. Fig. 3 shows the designed and developed 

planar cable robot with cable distribution mechanism, 

which is used to conduct the experiment. The structure of 

robot consists of 4 cable distributors indexed (1) put 

below to drive end-effector (3) moving on the horizontal 

plane through the pulleys (4) mounted on the frame (2) 

and the cable (6) with the force-feedback control (5). The 

cable distributor is driven by the motor (8) through the 

coupling attached to the winding roller (7) which also 

rotates. When the roller (7) rotates, the toothed belt drive 

transmits the motion that rotates the lead screw. Lead 

screw mechanism makes nut (9) reciprocating with a 

specified pitch to distribute the driven cable. A cable 

distribution mechanism is placed on the nut (9), which 

helps the wire to be fixed at the specified position. The 

lead screw mechanism helps to keep the wire parallel to 

the roller in a defined step. The cable after being 

distributed by the roller and the lead screw, is guided 

through the pulley (10) placed on the loadcell (11), this 

loadcell is mounted on the cable distribution mechanism 

frame (12) to measure the cable tension, combined with 

the roller placed on the robot frame to ensure the fixed 

direction of the tension on the loadcell.  
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Figure 3.

 
Planar

 
cable robot (left) and cable distribution mechanism (right).

 

TABLE I.  SPECIFICATION OF PLANAR CABLE ROBOT. 

a 175mm 

b 45mm 

τmin 50N 

τmax 200N 

With the configuration and specifications as shown in 

Table I, a null space of structure matrix analysis algorithm 

is applied to determine the static workspace of the planar 

CDPR with linear constraints [13]. Static workspace is 

defined as the set of moving frame positions where at 

least one combination of cable tension exists satisfying 

the equilibrium equation (13) with the constraints of cable 

tension limit and different external forces, the workspace 

in this case is defined with different tension limits with 

external force vector is zero. After comparison between 

Fig. 4(a) and Fig. 4(b), the static workspace 

corresponding to the force limit cable tension of [τmin, τmax] 

in range [50N 200N] is smaller than corresponding to a 

larger cable tension [τmin, τmax] in range [50N 300N]. This 

result shows that the size of robot's workspace increases 

when the limits of tensions are extended, so it is possible 

to expand the workspace by increasing the motor power, 

which is also an important property as a design criterion 

and calculate the robot structure as well as choose the 

appropriate actuator power. The structure of the controller 

for cable robot is shown as the diagram in Fig. 5. There 

are 3 layers in this controller, the first layer is the main 

controller designed to calculate the value of joints, 

velocity and tension distribution of cables from the 

motion trajectory of MP through synthesis of kinematics 

and force balance problems.  

 (a) 

 (b) 

Figure 4.
 

Static workspace of planar CDPR with different limits of 

cable tension min

 

= 50N, max

 
= 200N, and min

 

= 50N, max

 
= 300N
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Figure 5. Diagram of cable robot control system 

The second layer is the sub-controller or the position 

controller, which receives signals from the main controller 

and is responsible for outputting control signals to the 

servos through the drivers. The third layer controls the 

position, velocity and cable tension of the motor that 

drives the cable distributor through signals received from 

the sub-controller and feedback from the corresponding 

coded values. To evaluate the suitability of the 

computational model, the basic trajectories (triangle, 

rectangle, ...) will be designed and tested on this robot 

model, with the workspace being the XY plane. The robot 

will perform trajectories through the pen holder on the 

moving frame. The trajectory obtained during the 

experiment will be compared with the designed trajectory 

to measure errors in order to evaluate the model and the 

robot's performance. Fig. 6 shows the simulation results 

of rectangle trajectory (a) and experimental results (b) 

with dimension 55mmx70mm. The experimental results 

on the robot model shown in Fig. 7 show that the robot's 

trajectory has a continuous profile, follows the given 

trajectory with an error of less than 2mm, the trajectory 

has no fracture phenomenon due to slack phenomenon of 

cable during movement, the results of cable tension 

measured at the nodes show good response of the 

controller. 

 

Figure 6. Simulated trajectory (a) and experimental trajectory (b) of 

the rectangle 

 

Figure 7. Rectangular path according to design and experiment 

 

Figure 8. Diagram of joint trajectories and tension of cables according to calculations and experiments when interpolating rectangle 



 

   

 

  

 

 

  

 

 

 

  

 

484© 2022 Int. J. Mech. Eng. Rob. Res

International Journal of Mechanical Engineering and Robotics Research Vol. 11, No. 7, July 2022

 

Figure 9.  Diagram of joint trajectories and tension of cables according to calculations and experiments when interpolating triangle 

 

Figure 10. Triangle path according to design and experiment 

The corresponding joint trajectory response for 

rectangle path is showed in Fig. 8 with the calculated and 

experimental cable tension values, this graph shows that 

the tension values satisfy the equilibrium equation (13), 

these cable tensions change continuously, following a 

trajectory that matches values close to the mean within the 

range of cable tension. This is very convenient for control 

based on cable tension, limiting cable slack when the 

control cable tension is less than the lower limit of cable 

tension or overloading the motor when the tension 

exceeds the upper limit due to the response of the 

controller. Similar to the above experimental results, Fig. 

9 and Fig. 10 also are simulating results in joint space, 

cable tension for triangle-perimeter path and experimental 

results. The values of cable tensions corresponding to the 

joint trajectories have a continuous change, therefore there 

is no sudden change in cable tension, causing difficulties 

for the control process. The cable tension values are 

always within the tension range based on the equilibrium 

equation. When the MP moves to a point, the 4 cables are 

stretched reaching positive cable tensions, and the cable 

tensions also eliminate at nodes of the moving-path. 

Through the simulating results based on the sequential 

quadratic programming method, it shows that the cable 

tension satisfies the constraints of the balanced equation 

and has values that change relatively continuously 

according to the nodes, thereby showing that the results of 

the problem have a suitable response for the tension 

feedback controller. The tension errors at the nodal points 

are set at suitable thresholds for the trajectory to move 

continuously. 

IV. CONCLUSION 

This paper presents a complete design, calculation and 

experimental procedure for a planar cable robot with 3 

D.O.F, driven by 4 inelastic cables. In which, the 

calculation of the kinematic problem with the number of 

D.O.F less than the number of driven cables is performed 

based on the nonlinear programming method. The cable 

robot configuration and the null space analysis of the 

structure matrix method  was used to determined static 

workspace of the CDPRs, the cable tension distribution is 

selected based on the given trajectories determined and 

the sequential quadratic programming algorithm with a 

quadratic objective function designed for the purpose of 

determining the value of tension systems along the joint 

trajectory calculate and follow the average value of the 
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upper and the lower limit of the cables tensions, a tension 

feedback controller is designed for a prototype planar 

CDPR with a tension feedback unit placed on a cable 

distributor, the experimental results show the agreement 

of the design model with the experimental strain response 

and trajectories according to the given trajectories. This 

model can be used to design and control redundant 

CDPRs of larger sizes with different configurations. The 

future work of this research direction is to apply a model 

for large sizes redundant CDPRs that take into account the 

influence of cable sags with different cabling 

configurations and degrees of freedom.  
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Abstract.  Camera Cable Robot is a robot with a camera that can move in a predefined 

3D space where the poses of the camera are determined by cables fixed to the camera. 

By changing the lengths of the cables, the movement of the camera can be changed. 

In this paper, a cable-driven parallel robot (CDPR) is designed for filming in a large 

space with dimensions (20m x 20m x 10m), this robot has 3 degrees of freedom, an 

allowable payload from 20 kg to 50 kg. The kinematic equations, algorithms and 

suitable matrices are given to solve the problem of controlling the position and 

velocity of the robot. Besides, the equilibrium equation helps to ensure the stability of 

the robot, and the linear programming algorithm is used to determine the tensions of 

the cables during the trajectory. The calculation results are simulated by Matlab 

software, the results show that the model has many advantages such as safety and low 

construction cost. In particular, it is easy to change the configuration and size of the 

robot with low calibration costs. The next development direction of this research is to 

fabricate and test the robot in a real environment, thereby evaluating the accuracy and 

influencing parameters such as cable sagging and the method of cable tension 

distribution. 

Keywords. Cable robot, cable driven parallel robot, filming robot, camera robot 

 

1  Introduction 

The Camera cable robot is a type of cable-driven parallel robot (CDPR) with 3 degrees of 

freedoms, 4 cables and 4 tensioning mechanisms [1, 2] which are controlled by a computer 

or via a controller. The system is controlled through 3 dimensions in a limited open space 

in a stadium, an arena or a large hall... by a cable control system [3]. It is responsible for 

transmitting images with a new and unique angle to the audience realistically and with a 

better view through television waves. The camera cable robot was first invented in 1980 by 

a filmmaker for their filming [4, 6]. Initially, this camcorder was rarely used due to the 

undeveloped technology and software. In 1984, this technology was used for the first time 

at an American football game and received many positive comments and contributions, 



which made the filming cable robot more widely used afterward [5, 7]. Up to now, all major 

sports events and tournaments around the world have applied this technology. 

This paper introduced a cable driving structure designed for moving a camera in a large 

space. The main issues of cable robots such as kinematic, tension distribution and trajectory 

planning were studied in order to build a dynamic simulation program for the cable structure 

[8]. Creating a suitable model for research as well as practical application. Furthermore, it 

shows the feasibility and reliability of cable robots when applied in other applications such 

as moving heavy objects over long distances. In this research, a CDPR is designed with 

dimensions (20m) x (20m) x (10m) (see Fig.1), 3 degrees of freedom and an allowable load 

of 20kg ~ 50kg. 

 

2 Design of CDPR 

2.1 Structure of cable driven parallel robot (CDPR) 

The CDPR consists of a rigid frame and a moving platform. The length of a cable is 

controlled by the four winches. One of four sets of winches is designed in Fig. 2. A winch 

consists of the main components such as a DC servo motor, which is connected to a moving 

platform through several guide rollers, and a reversing lead screw with a winch [10]. The 

main shaft cable reel is supported by two bearings at both ends to reduce misalignment. The 

difference between the pitch of the lead screw and the winding winch is adjusted by 

choosing the gear ratio of 1:3. The principle of the cable drive is similar to the winding 

element in the lifting mechanism, which converts rotational motion into reciprocating 

motion so that the moving cable lifts and lowers the camera. 

2.2   Kinetic model of CDPR 

In this section, the position kinetic analysis and velocity of the spatial CDPRs are presented 

[11]. Inverse kinematics is required for control and simulated via monitoring [12]. Position 

kinematics is concerned with the relationships of the fitting, proportionality variables to the 

Cartesian position and the scale variables of the end-effector motion [13]. Assuming that 

all cables are always kept taut, the corresponding joint space CDPR is constrained to be 

spatial Cartesian.  



 

Fig. 1. Automatic video recording cable driven parallel robot and kinematic model 

 
Fig. 2. Design of winch 

Position kinematics 

The inverse position kinematics problem is posed as follows: Given the position of P = 

{x y z} and the requirement is to calculate the lengths of the cables 𝐿𝑖 [14]. We have the 

following: 

 ( ) ( ) ( )
22 2

i ix iy izL x A y A z A= − + − + −   (1) 

And to apply velocity kinematics, we need to find the velocity origin P: 
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Velocity kinematics 

In order to find the velocity kinematics equations [15], we consider the vector direction 

of the i(th) cable: 
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Derivative to time we get: 

 
( ) ( )
( ) ( )

cos sin

sin cos

i i i i

i i i i

L Lx

Ly

 

  

  −   
=    

    
  (4) 

Inverse the Jacobian matrix of the i(th) cable, we get:  
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Since we consider the cable length variations according to the Cartesian scale [16, 17], 

we can extract the first line of (5) to construct a velocity solution for a 4 cables CDPR. 
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Notice that we have omitted 𝜃𝑖
′ the velocity equations. The general form of the velocity 

kinematics equation is: 

 L MX =   (7) 

Where: 

+ 𝐿′  is the rate vector of variation of the lengths of n cables. 

+ M is the inverse Jacobian matrix CDPR. 

+ 𝑋′ =  {𝑥′ 𝑦′}𝑇 is the velocity vector of the end-effector. 

To solve the forward velocity kinematics we have to calculate the inverse equation. 

 
1X M L− =   (8) 

Calculation of tension 

Cable tension distribution is an important problem in the design and control of the CDPR, 

with the CDPR having a larger number of cables than the number of degrees of freedom, 



the cable tension is calculated to satisfy the equilibrium equation and the conditions. 

constraints on the positive tension or stiffness of the robot [15, 17]. We have the following 

system of equations: 
4
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F and M are vectors of the external force (zero in this case) and the torque acting on the 

terminal feedback set, respectively: 

+ 𝜏𝑖 is the force vector applied by each cable. 

+ Vector 𝑏𝑖 is the position of the moving point relative to the origin with the unit vector 

𝑢𝑖, the force vector 𝜏𝑖 can be obtained 

 i i iu =    (11) 

From (9) and (10) we have: 
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We have: 
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Where  1 2 3 4    =   (15) 

 0A W + =   (16) 

Where: 

+ 𝜏 : vector of cable tension (4x1) 

+ 𝐴𝑇 : CDPR Jacobian Matrix (n x m4) 

+ 𝑊𝜌 : Vector of external force impacting on the center of the body (n x 1) 

 A W = −   (17) 

With constraints 



  

 min max0        (18) 

 There are many distribution solutions of tension for cable robots such as linear 

programming, and a pseudo-inverse matrix is used to calculate cable tension [18-20]. Linear 

programming is a method for finding the best (most optimal) solution from an endless 

number of solutions decided in a mathematical model whose requirements are expressed by 

relationships of a computational system, in which the objective function value is the sum 

of the minimum cable tension [21]. 

3 Simulation and Discussion 

Fig. 3 shows the simulation results of the workspace, the results show that the operating 

range of the camera increases with the mass it carries. The above results show that this 

configuration is suitable for filming purposes when the load of the camera mounted on it is 

large enough but does not exceed the limit of the wire tension. Above we see the most 

suitable operating space from 30kg to 70kg. Specifications of the camera cable robot for 

simulation was shown in Table 1. Fig.4 shows the simulating circular trajectory, the values 

of velocity and the cable length can be determined as in Fig.5 and the tension of the cables 

is shown in Fig. 6. The simulation results show that the tension force and cable length 

satisfy the equilibrium and kinetic equations. However, between cables there is a change in 

tension due to the dynamics of the position as well as the length of the cable. 

Table 1. Specification of design CDPR  

Parameter Value Unit 

Degrees of freedom 3  

Number of cables 4  

Size of fixed frame 20 x 20 x 10 m x m x m 

Limit of load [30-70] kg 

Limit of tension [30-500] N 

Speed 0.7 m/s 

 



 

Payload 30kg                                                Payload 50kg 

 
 

Payload 70kg 

Fig. 3. Workspace of design CDPR for difference payload 

 

Fig. 4. Simulation of circular trajectory 



 

Fig. 5. Cable velocities and cable lengths for circular path 

 

Fig. 6. Cable tension in circular orbital motion 

The second simulation is a trajectory with several random points in the workspace (see 

Fig. 7). The joint velocity and cable lengths are shown in Fig. 8 and the tension distribution 

of the cables in Fig. 9. The simulation results show that, the joint velocity and cable lengths 

are not continuous at node points. The cable tension still tends to change suddenly with a 

large value like in the case of circular interpolation because the solution of cable tension 

distribution is performed with the optimal condition of minimum total tension. This can be 

improved with other tension distribution solutions such as safety tension or pseudo inverse- 

matrix. 



 

Fig. 7. Simulation of moving several points 

 

Fig. 8. Simulation of velocity and cable length in any movement 



 

 

Fig. 9. Cable tension in any movement 

4    Conclusion 

This paper has introduced an overview of automatic video recording cable systems. The 

system includes a CDPR 3 DOFs and 4 cables to easily move the camera to get the most 

realistic images. Two optimal algorithms are developed to calculate the cable tension and 

cable length for the different trajectories based on forward and reverse kinematics problems. 

The results from simulating complex motions in space have shown us that, in different 

motion trajectories if the tension and the length of the cables can be precisely controlled, 

the motion of the camera can be controlled according to the position of the points you desire. 

This system is modeled with the assumption that the cable tensions are exerted by the 

gravity of the camera and the mobile platform. But in real applications, the CDPR system 

is also affected by other external forces such as wind, or cable sagging caused by the mass 

or elasticity of the cable. Therefore, to increase the feasibility of the system when applying 

the calculation results to the fabrication and control of CDPR, models representing the 

effects of interferences need to be integrated into the construction of the controller to 

improve position accuracy. Two PAN-TILT joints can be integrated into the moving frame 

to change camera orientation. By developing two optimal kinematic algorithms, we can 

build a cable robot that works with high precision. 
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1. INTRODUCTION 
 

It is not disputable that VR technology is 

revolutionizing the entire gaming industry, resulting in 

more immersive and engaging gaming experiences. 

Reinventing experiences is one of the significant aspects 

of the game culture, as is conquering challenges and 

conditions that a user would rarely or never face in real 

life. The ability to activate more than two sensations of 

the user in a VR game would provide the player with a 

more immersive experience. In recent years, several VR 

systems have been proposed to improve this gaming 

experience[1]. The most widely used sys-tem is the 

handheld controller with the VR headset, which allows 

users to interact with virtual environments using their 

hands. Whenever the user touches or triggers objects 

within the virtual world, these handheld controllers will 

collect data from built-in buttons or detect hand gestures 

with multiple sensors and transmit it to the system while 

the VR headset displays a computer-generated immersive 

world. This simple VR system was demonstrated in 

several papers dealing with virtual reality games. The 

limitation of this system is that it only interacts with the 

user through the VR headset. In this paper, the VR system 

utilizing CSPR, VR headset and hand controller is 

proposed to simulate the gaming experience in “Arena of 

Speed”. CSPR (Figure 1) is the robot using 8 cables as 

alternative linkages to manipulate an object (moving 

platform) in a large workspace. Each cable has one end 

wrapped around a rotor that is connected to a motor, and 

the remaining end is linked to the moving platform. The 

cable is much lighter than other type of linkages that use 

mechanical structures, therefore the long cables that are 

sufficiently stiff can be utilized without the employment 

of a complicated rigid mechanism.  

 
Fig.2. Cable Suspended Parallel Robot employs 8 cables 

to manipulate the object.  

 

As a result, the moving platform could achieve high 

accelerations and velocity while working in a large space, 

which is essential in real-time applications like virtual 

reality. In the VR field, CSPR can be used to simulate 

virtual environment experiences based on precise control. 

The CSPR in the system to generate the real feelings for 

the user and to improve sensory immersion in VR games. 

The VR headset is a head-mounted device that can 

activate the visual and auditory sensations of the user. By 

displaying a computer-generated immersive and 

providing the stereo sound, it can improve audiovisual 

experience of racing the in the arena. The activation of 

the proprioceptive sensation via the CSPR, in 

combination with the activation of the visual and auditory 

sensations via the VR headset, allows the user to 

experience interactions with the VR car that are identical 

to those experienced with the real one. The most vital 

thing is that the entire system must work well together in 

order to achieve a realistic racing experience.  
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In order to effectively address this real-time issue, it is 

critical to optimize both the data transmission process 

and the computation, operation of CSPR.  The game 

used to simulate with this system must be constructed to 

work well with the system's hard-ware. Besides, the game 

should include two requirements: the first is the capacity 

to connect and transfer required data between devices in 

the system, and the second is the ability to display a 

computer-generated, three-dimensional racing track. 

And "Arena of Speed" is a VR game specifically 

developed for CSPR simulation. The game also provides 

users with an exhilarating gaming experience. It can 

display a 3D arena racing where users can race against 

many autonomous cars with different levels of difficulty. 

The game also has a mixed class racing track with 

realistic dynamics, as well as an excellent graphic and a 

vibration, immersive sound environment, making “Arena 

of speed” suitable for VR experience. 

 

2. METHODOLODY 
 

The system consists of four main components: a hand 

controller, a virtual reality game, a data receiving and 

computing application, and a CSPR. The controlling 

system is shown in Figure 2. The system is designed to 

interface with its hand controller via Bluetooth. When the 

user presses the built-in button on the keypad, this data is 

transmitted to the VR game, which updates the car 

movement in the virtual world. VR headsets, in 

combination with VR games, play a role in displaying 

computer-generated immersive, three-dimensional 

racetracks and providing immersive sound, allowing 

users to thoroughly immerse themselves in the virtual 

racetrack[2]. An application for receiving and analyzing 

data is constructed in LabView and used to calculate the 

data used to drive the robot once the data has been 

transmitted to the application. The CSPR is the last 

component which has a big workspace, a large payload, 

and a quick movement speed. In the prototype, the 

platform is positioned and oriented using eight cables.  

The CSPR's workspace restrictions hinder it from 

precise-ly imitating the movement of the car, hence 

restricting its mobility is important. Inverse kinematic 

difficulties for parallel robots are easier to solve than 

those for series robots. 

 
Fig.2. A virtual Reality system in racing game. 

. Inversely, parallel robots' forward kinematic issues 

become more complicated. Thus, the inverse kinematic 

model will be the ideal way for replicating the car's 

movement, including prismatic and rotation translation, 

as well as its velocity. The inverse kinematic issue of the 

CSPR can be described as follows: Given the required 

load placement and orientation, determine the motor 

position that fulfills the static and geometric equilibrium 

conditions. The platform requires three coordinates to 

establish its position in 3-D space. As a result, there are 

three unknowns in each joint. Furthermore, the tension of 

each cable varies. As a result, the 8-cable will have up to 

32 unknowns.  

 

3. DATA TRANSMISSION 
 

Data transfer protocols play the pivotal role in the real 

time system like VR. If an inappropriate protocol is 

used, the simulation may fail or have a significant lag 

due to the data loss or the speed of the transferring 

process. Thus the optimum protocol for simulation is 

one that can transport data quickly while yet ensuring 

that data loss during transfer is minimized. In this 

system, two protocols are used: Bluetooth and UDP. 

Bluetooth is a wireless technology for transmitting 

data between hand controller and the VR game using 

UHF radio waves. In the reality test, the data 

transferred from the hand controller to the VR game 

was small and simple enough that the transmission 

speed met the system's requirements. The User 

Datagram Protocol, which is used to transfer data from 

a VR game to an application for receiving and 

processing data, is the second protocol. The UDP has 

a wide range of installed and used applications, 

particularly real-time applications like this VR system. 

The programming of this protocol is challenging 

despite the fact that it is quite simple because it must 

account for how to set, assign port numbers, and 

execute addresses. LabView makes the setup process 

for VR systems a little easier. On the other hand, the 

data transferred from the VR game to the receiving and 

computing application is more complex and large. It 

has 12 parameters, which are updated once every 

millisecond and are divided into six for translation and 

six for rotation. UDP is the best protocol for this 

because it can transfer this large amount of data 

quickly. Although UDP occasionally loses some data 

packages in the reality test, the rate is still acceptable. 

 
Fig.3. Schematic of data transmission. 



 

 Fig.4. Application interface based on Labview. 

And finally, the data transmitted to the calculating 

application constructed in Lab-VIEW and Matlab [3]. In 

the reality test the proposed transfer method has little 

latency in simulation. Since the data is transferred one 

direction from the game to the robot instead of being 

transferred from robot to the game. The biggest 

advantage of this transfer method is that it easy to 

simulation because Unity engine can export the enough 

parameters used for simulation. On the other hand, 

collecting data from the cage and then simulate it in the 

Unity will be much more complicated.  

 

3. GAME SYSTEM DESIGN 
 

The left and right joysticks of the controller can be 

used by the player to control the car in Arena of Speed. 

Translation of the moving forward and reversing car is 

controlled by the left joystick. On the other hand, the car's 

rotation, including turning left and right, is controlled by 

the right joystick. In addition, pressing button L1 

Shoulder will take you back to the Main Menu screen 

while pressing button R1 Shoulder will restart the game. 

Each waypoint in the waypoint system is a coordinate in 

3D space that designates a significant location on the 

racetrack. Due to this system's efficiency and simplicity, 

many early racing video games utilized car. In Arena Of 

Speed, way-points are stored as a sorted list of positions 

in 3D space using the List generic class. This list of way-

points is read into the game's software system, which 

iterates through the list until the computer-controlled car 

has passed each waypoint. When the game-controlled car 

is found to be within a certain distance of its current 

waypoint, the game system only moves on to the next 

waypoint in the list. The game system conducts a series 

of vector calculations to determine how much steering is 

required to turn the car in the direction of its current 

waypoint. These calculations are based on an initial 

vector created by both the position of the current 

waypoint and the current position of the car itself. This 

series of calculations produces an output vector, which 

provides the bases for the steering and braking output 

levels of the car. However, during development of the 

game, it was found that using only the method of 

waypoints with vector calculations was ineffective in 

controlling the car. Before sending data to Labview, must 

processing data for simulation shown in Figure 4. There 

are five parameters needing to be processed. The 

difference distance and velocity in the horizontal 

dimension of the road, the angle and the angular velocity 

of vertical axis, and the acceleration to the forward   

 

4. EXPERIMENTS AND DISCUSSIONS 
 

The structure of CSPR for VR game has dimensions of 

length 5 meters, wide 3 meters, and height 3 meters. Eight 

passive pulleys direct the cables from the winches to the 

cable departure point when they are wound on 100mm 

motorized winches [4]. The game must meet a number of 

requirements in order for the system to operate stably, 

guarantee user safety, and provide users with the most 

realistic experience possible. The robot may cause 

serious injury to the user during the experience, therefore 

the requirements of CSRR systems, which are used or 

work directly with humans, are always required to ensure 

human safety. Experimentally with its configuration, the 

robot can operate with a large range (Shown in Table 1). 

Determining the "safe workspace" for robots is extremely 

necessary, especially for robots with parallel kinematic 

structures; Because during operation, the tension in all 8 

cables is extremely large, so if the robot is unstable and 

there is a problem, it is likely to cause injury to the user. 

A lot of experiments on robots have been conducted to 

determine this "safe workspace". The game "Arena of 

Speed" is implemented based on this "safe workspace", 

and the speed of the virtual car with "safe workspace". 

 

Table 1. Technical parameters of CSPR 

Characteristic Values 

Maximum velocity 760m/s 

Maximum acceleration 7m/s2 

Maximum load 100 kg 

Workspace 4000x4000x2000mm 

Degree of Freedom 6 

 

 
Fig. 5. Arena of Speed. 

 

 
 

Fig.6. Experiments for VR Racing game. 



  

 

Accuracy is one of the most important variables to 

consider for building and implementing a CSPR. The 

cable’s vibrations and sagging limit positioning accuracy 

in large workspace[5]. Therefore, the dynamic modeling 

of CDSP should be consider in applications using VR. 

CSPR’s accuracy can be limited by design tolerance, 

manufacturing error, thermodynamic inaccuracy, control 

responsiveness, and other parameters. Suppose, we set 

the coordinate axis of the car as shown below. The virtual 

reality system is for simulating 2 degrees of freedom 

(DOFs) of the car including translation along the x-axis 

and rotation around the z-axis. In addition, a DOF of 

rotation in y axis is used to create an additional feeling of 

acceleration or deceleration for user. Because in reality, 

when the car starts to accelerate, the driver tends to fall 

backwards and vice versa when the car brakes hard, it 

will tend to fall forward, this phenomenon is caused by 

the force of inertia. It can be seen quite clearly in high-

acceleration vehicles. First to simulate the x-axis of the 

car, it is necessary to determine the center of the track. 

The robot use this center line as a landmark to determine 

whether the current car is going to the left or right and 

how much distance is going. By convention, when the 

robot goes to the left, the output parameter will bring a 

negative sign and vice versa to the right will output a 

positive number, the parameter of magnitude is the 

distance from the center line to the left or right side. In 

the game "Arena of Speed" (Figure 5), the car will go 

through a lot of road segments with different shapes and 

sizes, so to determine the center line, we need to follow 

two steps: One is to determine the vehicle is entering the 

segment. What is the shape of the road, the second is to 

determine the centerline of each road segment and 

calculate the required distance. On the robot side, it also 

uses the system center as a landmark and uses the same 

sign convention as the virtual car. Experimental results 

show that the robot can simulate the horizontal 

movement of the vehicle well like Figure 6. On the other 

hand, when reversing direction to the left and to the right, 

the car rotates in the z axis. To simulate the z axis, we 

will use vector, whose direction is along the track and the 

direction from the starting position to the destination 

position. By scalar multiplication of the vehicle's current 

z unit vector and the unit vector used as a reference, the 

vehicle's current rotation angle can be deduced. 

Experimental results show that the robot can simulate the 

rotation of the vehicle well. The controlling signals are 

sent to the cable robot through a program written on 

LabView. To be able to operate the CSPR, it is necessary 

to solve the problem of inverse kinematics of the CSPR 

in order to convert the car's coordinate and velocity into 

controlling signals, which are sent to 8 motors to execute 

the work of CSPR. After the signal from the game is sent, 

the system check signals within the CSPR's "safe 

workspace" to ensure user’s safety. Experiments show 

that using games can provide useful data to players in the 

virtual world that is not as easy to obtain as playing in the 

real world. We can absolutely say that playing games in 

the virtual world gives players a real feeling that when 

playing normally does not have.  

5. CONCLUSIONS 
In general, the results of the experiments show that the 

system can provide "Arena of Speed" players a genuine 

sense of racing on a racetrack; yet, the algorithm occa-

sionally misses its deadline with an acceptably low 

probability. In this study, some conclusions were drawn 

as follows: 

- The result gives me a pretty good interaction between 

CSPR and users in the virtual environment. 

- The CSPR system has provided users with a real 

feelings when playing the game "Arena of Speed". 

- The CSPR system and the game "Arena of Speed" 

have worked together to create interactive tasks. 
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which is critical to the operation of the entire cable system. It can be said 

that adjusting the cable tension will determine the power consumption of the 

motors and the stiffness of the structure. Therefore, the problem that needs 

to be solved is how to handle the cable tension when the end-effector moves 

throughout the entire workspace. The tension of each cable needs to be 

adjusted properly to ensure it remains the same. Moment and force act in a 

static state, keeping the kinematic position of the end moving platform from 

being deflected and the main purpose is to ensure that the robot achieves a 

rigid state and eliminates vibration when moving. Because of that essential 

demand, this article will refer to the Quadratic programming algorithm to 

solve the problem of tension distribution for the Planar Cable-Driven 

Parallel Robot consisting of 4 cables with 3 degrees of freedom. This article 
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1. Introduction 

Cable-driven parallel robot (CDPR) is a type of parallel robot that uses the cable to control the end 

effector (E-E) instead of using rigid joints. One of the main advantages of CDPR is the ability to create 

a large workspace while maintaining high stiffness and low inertness. Low cost for large workspaces is 

also a notable advantage [1]. Thanks to the advantages of CDPR, it can be used in many research fields 

like rehabilitation, haptic, movement simulation, and 3D printing..... The feature of tension distribution 

for CDPRs is one of the most considerations in designing, and controlling the problem of CDPRs. 

Tension involves issues such as system balancing, feasible workspace determination, actuator power, 

mechanism stiffness, trajectory movement, and controller design [2]. Many proposed methods of tension 

distribution have been conveyed in the research of CDPR, Tuong Phuoc Tho and Nguyen Truong Thinh 

[3] used linear optimization to find the solution of tension distribution for the CDPR used for 3D 

concrete printing, under high-load working conditions and long working hours, reducing power 

consumption is paramount to save energy, because printing velocity is slow, dynamic effects are 

ignored. Besides, Cong Bang Pham et al [4] also used the “Linear Optimization” algorithm to build the 

calculation of cable tension. So-Ryeok Oh and Sunil K. Agrawal [5] applied the proposed “Linear 

Optimization” method to find cable tension for PM-CDPR form, the results were simulated successfully. 

Based on these models, all authors also develop an algorithm to control the robot by providing negative 

tension. Soon after, Per Henrik Borgstrom et al. [6] made improvements to the “Linear Programming” 

algorithm to simplify the calculation process applied for tension distribution. In the specific case where 

the positive tension aggregation method has been selected to finalize the optimal solutions and the 

optimal criterion.  

Similar to the Linear Programming algorithm, the Non-linear Programming algorithm has been 

applied to find the tension distribution of the cables. The disadvantage of Linear Programming is the 

discontinuous tension distribution along the joint trajectory. A new Quadratic Programming method has 

mailto:jte@hcmute.edu.vn
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been concerned (p-norm = 2) [5] [7], which is a quadratic objective function form, this gives continuity 

of root force due to the ability to restrict the vertices of the convex polygon (the set of the experiment). 

Tobias Bruckmann et al. [8] introduce Quadratic Programming for determining cable tension solutions 

for FC-CDPRs or OC-CDPRs. The quadratic objective function provided a better computation time than 

the linear form. Hui Li et al. [9] applied Quadratic Programming to research the problem of tension 

solution for the FAST telescope. In another study [10], the author found that a non-linear cost function 

can optimize cable tension to save power consumption. Alexis Fortin Cote et al. [11] also use Quadratic 

Programming to find tension distribution with the belief of a second optimal solution by adding another 

parametric slack variable into the force equilibrium equation, this is likely to solve the tensile 

distribution even outside the workspace. 

The analysis of the above studies shows that many methods have been developed to calculate the 

distribution of cable tension for the over-constraint CDPR. These methods focus on optimizing solutions 

according to different goals, such as stress reduction for applications requiring energy savings and safe 

tension for convenient control or maximum tension to increase structural rigidity. The Linear 

Programming method gives discontinuous results according to the joint trajectory, while the Quadratic 

Programming Methods methods result in continuous cable tensions according to the motion trajectory 

and can be adjusted for optimal conditions. Given the inertia and low mass of the cables, these 

mechanisms have the disadvantage that they can only support traction, which increases the complexity 

of calculating the tension distribution for a given position of the End-Effector (E-E). Besides, the cable 

factor also affects the direction limit of E-E, which also creates difficulties because we have to eliminate 

the impossible sequences of direct operation on E-E at E-E at each position in the robot workspace. To 

find the position of E-E, the kinematics problem must be solved. This article focuses on in-depth 

research on the algorithm for cable tension distribution of the Over constraint planar CDPR type. Based 

on the studies on tension distribution [3-11], we will design and analyze the Quadratic Programming 

algorithm and simulate each position of E-E to evaluate and comment on the accuracy of the properties 

of the cable tension. At the same time, this article also analyzes an important part of the kinematics for 

this type of robot, including forward and inverse kinematics. The limiting orientation factor will also be 

presented in detail in this article. 

2. Inverse – Forward kinematic for planar overconstrained CDPR 

2.1. Inverse kinematic 

 

Figure 1. Kinematic analysis 

The inverse kinematic of the robot is aim to find out the joint's values when the position's values and 

direction of E-E are known. This problem involves a crucial role in controlling the E-E position. With 

CDPR, inverse kinematics is generally solved by using the static geometry method from the sketch of 

the robot. In this paper, inverse kinematics will be resolved in detail by using the geometry solution 

shown in Figure 1. Due to the restriction of robot DOF, the Oz axis is acceptable to be relaxed inside 
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each formula. The origin is at point O, and applying geometric knowledge we can deduce the general 

formula to calculate the length of each cable: 

 

 

22 2
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22 2

max max
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2 2 2
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4
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2 2 2
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 (1) 

For solving the (1) using parameter   and coordinate of G ( Gx , Gy ) which is the E-E position, we 

have to find the relation between points  A( Ax , Ay ), B( Bx , By ), C( Cx , Cy ),  D( Dx , Dy ) and pose  , 

Gx , Gy  

Finally, the set of equations that express inverse kinematic: 
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where 6

5

arctan( )
l

l
  and 

2 2

5 6

56
2

l l
l


  

2.2. Forward kinematic 

Forward kinematics is the process of calculating the position and orientation of the E-E knowing all 

the matching joint’s variables, namely the lengths of the cables for the configuration of the CDPR type 

[12]. 

To calculate the position and orientation of E-E from the set of matching joint’s values, for the 

method proposed in this article, we need to deduce from the system of inverse kinematics equations, 

based on the existing system of inverse kinematic equation (2), we will obtain a new system of equations 

that satisfies the requirements of forward kinematics. 

Using the set of inverse kinematic equations (2), we can solve the forward kinematics. After 

withdrawing  , Gx and Gy , which are a set of parameters defining the position and orientation of E-E, 

from equations (2), we can deduce the new set of equations. (Notably, sometimes a symbol of Sin( )x

and Cos( )x will be short as xs and xc ) 

After solving, a set of forward kinematic equations can be expressed as 

4 51 2

2
3 6

atan ; ;
1

G G

s
x y

s





  


 
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
 (3) 

where 

2 2 2 2

1 3 2 4

56 max max

( )

4 ( )

l l l l
s

l x s y c


 

  

 

 . The symbols 1 , 2 , 3 , 4 , 5  and 6  are used as 

substitutes. The values of these are expressed as 
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 3. Limitation for the orientation of end-effector 

At each position of E-E, the angle   will pose different minimum and maximum limitation values. 

These limit values will never be fixed during the E-E movement in the robot's workspace. When 

examining in the simulation all the positions that the robot can reach, we can illustrate the concept of 

orientation limitation. 

The limiting angle   is calculated when we examine each cable length or each joint’s value of the 

robot during operation. Each cable exists  , which is the angle that was formed in Figure 2. For this 

robot’s configuration, it will consist of 4 angles  ( known as 1 , 2 , 3  and 4 ). We can assume that 

lim the angle   limitation appeared when  reach 1800. lim can be considered as maxima limitation 

angle or minima limitation angle or none of them. For this assumption, calculation lim  required some 

comparisons to choose angles lim  to set   as maxima ( max ) and minima ( min ).  

With a random position of E-E on the workspace of the robot, based on this theory, there will be four 

angles lim ( lim1 , lim2 , lim3 and lim4  ) for this robot’s configuration.  

 

                              Case 1 equal to 1800                                                       Case 2 equal to 1800 

Figure 2. Rotational limitation 

From the above pose, examples are shown in Figure 2, there are four cases where respectively angles 

  equal to 1800. For each case, we can be obtained a formula for the rotational limitations as 

 

1 1max max
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1 1
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y y y y

x x
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    (4)   

Maxima and minima rotational angles   that  E-E can be created by choosing the values which have 

been compared of lim1 , lim2 , lim3 and lim4 . By eliminating the maximum and minimum values of 
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this set, select two values lim  that remain to set as max  and min . Therefore, at each position of E-E, 

the value   after calculation must satisfy the condition. 

min max[ , ]                    (5) 

The comparison between all lim  values will always change during operation. Due to this calculation, 

verification, and selection of the limitations   should depend on the position of E-E. 

4. Cable tension distribution algorithm 

4.1. Problem in cable tension distribution  

Forces act on the E-E shown in Figure 3. The problem of cable tension distribution is to determine 

the value Ti with i = 1, 2, 3, 4 corresponding to the number of cables. The net of forces created by the 

tension of each cable can be described in the following form.  

PAτ = w  (6) 

where 
3x4RA  is the structure matrix 1 2 3 4

1 1 2 2 3 3 4 4

u u u u
A =

d ×u d ×u d ×u d ×u

 
 
 

, the vector 

 
T 4x1

1 2 3 4T T T T Rτ    contains values of the tension force of all cables, and

  3 1R
T

Pw = F η  is the matrix which describes the net force created by the tension force of all 

cables affect to E-E at point G, 
T 2 1

x yF F RF      is external force, and 
1 1

zM R    is the 

momentum about Oz direction. From this robot’s configuration, cables could only cause the tensile force 

which leads to the vector   as a non-negative vector. 

Note that the vector iu


 in Figure 3 is the unit vector of cable i  presented 
T

x y 2 1

i iu u R    
 and the 

vector id


 is the relative position vector from G to iA  can be presented as 
T

x y 2 1

i id d R     . Equation 

(6) is more detail presented as: 
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 (7) 

 

Figure 3. Force analysis 
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The tension force of each cable will be limited by two values of minimum tension force 
4 1R   

and maximum  
4 1R  , these binding conditions can be expressed as: 

m0       (8) 

where 
4 1

m0 R   is a vector with the value 0. 

The problem posed in this paper is to determine how the tension forces of each cable are distributed 

but still satisfy both  (8) and (7).  

For this problem, a solution proposed is to select some constraints that can be relaxed. Specifically, 

for the constraint on the tension limit (8), we can hardly interfere as this shall not be violated to make 

sure all tensile forces are always positive. But the constraint on the balance of external force (6) is 

relaxable. A matrix containing the slack variables is proposed to interfere with this constraint, then 

equation (6) converts to 

PAτ +s = w  (9) 

where   3 1

1 2 3s s s s R    is the matrix containing the slack variables 1s , 2s  and 3s  to be added. 

To ensure the constraint at (9) is always satisfied, it is necessary to calculate to optimize the values s  

in the objective function of the optimization problem. Based on available tension distribution algorithms, 

the problem of Linear Programming and Quadratic Programming is the most suitable and adaptive 

model to solve this problem. 

4.2. Quadratic programming – cable tension distribution algorithm  

A basic Quadratic Programming problem is proposed and applied to solve the problem of cable 

tension distribution for the Planar-CDPR robot. There have been many studies and experiments to 

compare the efficiency between linear programming and quadratic programming for this problem [13-

15]. The calculation results of quadratic programming are preferred because of ensuring the continuity 

of the whole system. The optimal equation containing slack variables and cable tension distribution 

quantities has the following form.   

Minimize: 
T * T *

1 2s D s ( ) D ( )        (10) 

Subject to: PAτ +s = w  and m0       

Where  

11
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d 0 0

D 0 d 0

0 0 d
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 
  
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0 0 d 0
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 
 
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 
 
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,  
T

* * * * *T T T Tτ      

With 
3 3

1D R   and 
4 4

2D R   are weight matrices, which were expressed in the form of diagonal 

matrices ( 11d , 12d , 13d , 21d , 22d , 23d  and 24d  are weight values). Vector 
* 4 1Rτ   contains the 

target values for tension force 
*T , this value decides the high or low level of tension distribution for 

each cable. 

By selecting 
*τ τ , the desired tension force with minimum stiffness and power is reached. By 

selecting 
2

* τ + τ
τ  , the ideal tension force with relative stiffness and power is obtained. Selecting 

*  , the solution will lead to the highest tension distribution as well the highest stiffness. 

The magnitude of every value 1D  should be chosen higher than values in 2D . For each time 

compute the optimal distribution force, we will able to determine values of slack variables, the aim that 
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they will asymptote to zero. However, we can easily set those slack variables by selecting suitable weight 

matrices 1D  and 2D . The final quadratic optimization problem can be expressed as:  

T
* *

T 211 1
1 11 1 * *

222 2

2 12 2 * *
233 3

3 13 3 * *
244 4

d 0 0 0T T T T
s d 0 0 s

0 d 0 0T T T T
s 0 d 0 s

0 0 d 0T T T T
s 0 0 d s

0 0 0 dT T T T

minf

     
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            
           
               

        

 (11) 

From this quadratic programming equation, we will expand and transform it into a general form, by 

following the steps. First, assume that 

   
T T

1 2 3 4 5 6 7 8 1 2 3 1 2 3 4x x x x x x x x s s s T T T T 1X    

 

Finally, the general quadratic optimization form can be written as. 
T

11

12

13

*

21T

min *

22

*

23

*

24

*2

d 0 0 0 0 0 0 0 0

0 d 0 0 0 0 0 0 0

0 0 d 0 0 0 0 0 0

0 0 0 d 0 0 0 0 2T
f (X) X X X

0 0 0 0 d 0 0 0 2T

0 0 0 0 0 d 0 0 2T

0 0 0 0 0 0 d 0 2T

0 0 0 0 0 0 0 4T 0

   
   
   
   
   

    
   
   

   
   
   
      

  (12) 

Subject to 

x x x x
x1 2 3 4

y y y y
y1 2 3 4

x y y x x y y x x y y x x y y x
z1 1 1 1 1 1 1 1 3 3 3 3 4 4 4 4

F1 0 0 u u u u 0

F P0 1 0 u u u u 0
X

M0 0 1 d u d u d u d u d u d u d u d u 0

10 0 0 0 0 0 0 1

   
      
       
   

  

   (13) 

 And 

 

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0
X

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

















    
    
   
    
   

    
   
   
   
   
   
      

 (14) 

5. Offline simulation 

Offline simulation is a crucial process that contributes to evaluating the performance of the operations 

and concepts in this article. As for the problem of tension distribution, many experiments have been 

carried out to verify more precisely. However, this article is only presented in the form of an offline 

simulation because it is not eligible to equip the necessary equipment. 

To simulate how the Quadratic programming algorithm (12) works, we perform the following steps. 
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 Selecting the characteristics of the frame: maxx = 1 (m), maxy = 1 (m) 

 Selecting the characteristics of end-effector: 5l = 0.05 (m), 6l = 0.2 (m) 

 Selecting the limitation of tension force: maxT = 20(N), minT = 1 (N)  

 Selecting the desired tension parameter in turn at the level of the mechanism reaching: 

1. Case with high stiffness: 
*

maxT T  

2. Case with moderate stiffness: 
* max min

2

T T
T


  

3. Case with low stiffness: 
*

minT T  

 Selecting the start point of E-E: Gx = 0.5 m, Gy = 0.5 m,  = 00 

 Assume the external forces that affect E-E with: xF = 0 (N), yF = 0 (N), zM = 0(Nm) - (**) 

(These parameters will be used to verify the result after the simulation) 

 Selecting the mass of E-E platform: m= 1 (kg), then P mg = 9.81 N ( g  = 9.81 
2m s ) 

 Establish the computational parameters for Quadratic Programming: 11D =1010, 12D =1010, 13D

=1010, 21D =1, 22D =1, 23D =1, 24D =1 

After choosing the necessary parameters for the algorithm, we use the MATLAB support tool to 

solve the Quadratic Programming problem, the results are as follows: 

The desired inverse kinematics will produce the path of E-E in the form of a helical loop with the 

starting point from the center going away (Figure 4). Along with each step of E-E, the cable tension is 

also modeled according to Figure 5. In addition, to check the accuracy of the algorithm, we will also 

output the values of the external forces (Figure 6) according to the position of E-E. After observation of 

the result generated from simulations, the desired tension force 
* 4 1R   is obtained from the 

maximum stiffness solution (Figure 5-a), each cable will create the tension force which tends to reach 

the maximum value (20 N). Similar to the case when the desired tension force tend to reach the minimum 

stiffness solution (Figure 5-c), cable number 2 and 3 sequentially reach the minimum value (1 N) while 

cable number 1 and 2 tend to keep a moderate force. In Figure 5-b, the desired tension force is set at a 

medium stiffness level which leads to all cables tending to stand at moderate tension force but also none 

of them will reach the maximum or minimum like in previous cases. The result gained from the 

simulation is clear and we can confirm that desired values of tension force affect the stiffness of the 

mechanism, and also affect the energy consumption and power for the controlling robot. Depending on 

the usage purpose, carefully choose the desired tension force to ensure power efficiency. 

 

Figure 4. Positional record 
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a. Maximum stiffness                     b. Medium stiffness                           c. Minimum stiffness 

Figure 5. Tensional force record 

 
a. Maximum stiffness                          b. Medium stiffness                                 c. Minimum stiffness 

Figure 6. External wrench record 

We can see that during E-E spiral moving (Figure 4) simulated for three cases with different desired 

stiffness, all values of external force always fluctuate around value 0 with an extremely small amplitude 

(observations can be seen in Figure 6), compared to the initial set value of the external force acting at 

(**), it is possible to see that the results are completely different from expectations, the reason is that 

the existence of the slack variables shall create this unnecessary fluctuation. In addition, the noise of the 

calculation tool has not been taken into account. However, with this extremely small error margin, we 

can accept the results, in general, the fluctuation value is not significant, but to draw more accurate 

conclusions, it is necessary to verify the deviation of external forces acting in the entire workspace of 

the robot. 

6. Conclusions 

In general, the Quadratic Programming algorithm for calculating the cable tension distribution for 

the CDPR form has been specifically analyzed to solve the problem of adjusting the stiffness of the 

robot mechanism. The calculation process is successfully simulated on the MATLAB simulation, the 

results for the cable tension and the values related to this algorithm are relatively positive, and accurate 

based on the analysis theory platform. In the process, the article also presented the analysis process and 

specify solutions to the problem of inverse and forward kinematics for the Planar CDPR form,  results 

were also verified in detail, which is transparent through the above simulation.  With this result, it is 

possible to apply the tension distribution algorithm by Quadratic Programming to the Spatial Cable 

Driven Parallel robot by changing the parameter matrices optimization problem and the structure matrix 

in the optimization problem in kinematics. However, there is a disadvantage that the amount of 

computation will increase significantly, consuming resources of the control device, this suffering later 

can be overcome by upgrading the control device, but in return, the Spatial form will bring much 

flexibility, and higher performance than the planar form, and more economic efficiency also. This paper 

serves as an essential step forward for our further in-depth studies of other complex issues related to our 

Planar CDPR and Spatial CDPR types in the future. 
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Received:  18/10/2023 This article presents the design and calculation of a cable distribution system 

used for large-sized cable robots. The main function of the cable distribution 

system is to convert the rotational motion of the motor shaft into the 

translational motion of the cable with constraints on position, velocity and 

cable tension. With a clear relationship between cable length and motor 

angle, the cable distribution system is designed to guarantee that cables are 

fully distributed and oriented. The main contributions of the research are as 

follows: Designing a cable distribution system with a built-in mechanism for 

measuring cable tension; Building cable distribution system mathematical 

models, incorporating the results into a mathematical model of a 6-degree-

of-freedom CDPR configuration powered by 8 cables and simulating the 

computational results. The analysis findings suggest that the structure of the 

cable distribution system meets the design specifications and is suitable for 

developing actuators in cable robot applications that involve heavy loads and 

large sizes. 
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Thiết Kế và Tính Toán Hệ Thống Phân Phối Cáp cho CDPR 
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THÔNG TIN BÀI BÁO TÓM TẮT 

Ngày nhận bài:  18/10/2023 Bài báo này trình bày thiết kế, tính toán hệ thống phân phối cáp sử dụng cho 

robot cáp kích thước lớn. Hệ thống phân phối cáp của robot cáp có chức 

năng biến chuyển động quay từ trục động cơ thành chuyển động tịnh tiến 

của dây cáp với các điều kiện ràng buộc về vị trí, vận tốc và lực căng cáp. 

Hệ thống phân phối cáp được thiết kế đảm bảo dây cáp được phân phối và 

định hướng hoàn toàn với mối liên hệ rõ ràng giữa chiều dài cáp và góc quay 

động cơ truyền động. Các đóng góp chính của nghiên cứu bao gồm: Thiết 

kế hệ thống phân phối cáp có tích hợp cơ cấu đo lực căng cáp; Xây dựng 

các mô hình tính toán hệ thống phân phối cáp, tích hợp kết quả tính toán vào 

mô hình toán của một cấu hình CDPR 6 bậc tự do được truyền động bởi 8 

dây cáp, mô phỏng kết quả tính toán và đánh giá. Kết quả phân tích cho thấy 

kết cấu của hệ thống phân phối cáp phù hợp với các yêu cầu thiết kế, có thể 

ứng dụng triển khai làm bộ truyền động cho các Robot cáp có kích thước và 

tải trọng lớn. 

Ngày hoàn thiện:  13/11/2023 

Ngày chấp nhận đăng: 29/11/2023 

Ngày đăng:  28/02/2024 
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Tời phân phối cáp; 
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Đo lực căng cáp; 

Robot cáp song song; 
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1. Giới thiệu 

Robot song song điều khiển bằng cáp (Cable driven parallel robot - CDPR) là một loại robot cấu trúc 

song song có cấu hình đặc biệt, trong đó các cơ cấu truyền động cơ khí như bánh răng, vít me, khâu kết 

nối cứng được thay thế bằng các dây cáp có thể thay đổi chiều dài. Cáp truyền động được quấn và nhả 

bằng các bộ truyền động tuyến tính hoặc quay (được gọi là tời hoặc cơ cấu phân phối cáp) và được định 

hướng bằng cách sử dụng các thiết bị dẫn hướng như puly tới một bệ di động (Moving platform - MP), 
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trên đó các đầu dây cáp được bố trí theo cấu hình song song [1]. Ưu điểm lớn nhất của các CDPR là có 

khả năng cho một không gian làm việc rất lớn và có thể cấu hình lại dễ dàng. Đặc tính này đến từ việc 

cơ cấu chấp hành là những sợi cáp rất dài, có thể được trữ và phân phối trên các bộ tời và các dây cáp 

hoạt động hiệu quả về mặt kết cấu, chỉ chịu tải trọng kéo. Ngoài ra, các bộ truyền động và hệ thống dẫn 

hướng có thể được bố trí lại dễ dàng, cho phép thay đổi nhanh chóng về kích thước và hình dạng không 

gian làm việc. Một vấn đề khó khăn trong việc triển khai các CDPR là việc đảm bảo cho các dây cáp 

truyền động hoạt động ở trạng thái căng và các lực căng cáp nằm trong giới hạn cho trước ứng với các 

tải trọng khác nhau [2]-[3]. Một ưu điểm khác của CDPR so với các robot nối tiếp là các cơ cấu chấp 

hành có thể lắp đặt trên bệ cố định, không ảnh hưởng đến tải trọng thiết kế hoặc dễ dàng bố trí đối trọng 

để cân bằng lực tác động [4]. Tuy có nhiều ưu điểm trong thiết kế và khả năng ứng dụng, việc sử dụng 

CDPR trong thực tế vẫn còn hạn chế do những thách thức về các vấn đề thiết kế, điều khiển và an toàn. 

Khả năng điều khiển và an toàn có thể được cải thiện bằng cách sử dụng nhiều dây cáp hơn số bậc tự do 

của MP (Cấu hình thừa ràng buộc). Tuy nhiên, điều này dẫn đến sự phức tạp của các bài toán động học 

– cân bằng lực và có thể khiến các dây cáp va chạm với nhau hoặc va chạm với môi trường xung quanh, 

làm hạn chế không gian làm việc của robot, do đó đòi hỏi phải sử dụng các kỹ thuật thiết kế phức tạp để 

giải quyết các vấn đề nêu trên [5]. Trong trường hợp này, khả năng mở rộng không gian làm việc có thể 

được cải thiện bằng cấu hình treo cáp (Cấu hình mắc cắp có bệ di động nằm phía dưới các điểm mắc 

cáp cố định theo hướng lực trọng trường) và sử dụng nhiều cáp dự phòng (số lượng cáp lớn hơn số bậc 

tự do của MP) [6]-[7], mặc dù vậy, khả năng va chạm giữa cáp với cáp có thể tăng lên và mô hình toán 

cũng phức tạp hơn. Do đó, để đơn giản hóa thiết kế và hợp lý hóa chi phí của việc phát triển CDPR, các 

cấu hình CDPR dạng treo đơn giản hơn đã được đề xuất, với số lượng dây cáp truyền động ít hơn số bậc 

tự do của MP, điều này dẫn đến một bộ điền khiển đơn giản hơn vì MP không bị thừa ràng buộc [8]-[9]. 

Trong các nghiên cứu về CDPR, để có thể điều khiển được dây cáp đáp ứng các yêu cầu động học, cần 

phải xác định rõ mối liên hệ giữa độ dịch chuyển của bộ truyền động Δq (động cơ) và độ dịch chuyển 

của cáp Δl (chiều dài cáp). Do đó, việc đảm bảo tính toán được tỷ số truyền của bộ truyền động cơ cấu 

phân phối cáp K = Δl/Δq là một điều kiện tiên quyết khi các nhà nghiên cứu thiết kế các bộ tời phân 

phối cáp mới cho mục đính truyền động cho các loại robot nói chung và CDPR nói riêng [10]. 

Về mặt giải pháp, cách đơn giản nhất để trữ cáp là sử dụng một tang trống quấn cáp nối với động cơ, 

như phân tích ở trên. Tuy nhiên, việc thiết kế các phương pháp quấn cáp trên tang là không đơn giản, 

do chiều dài dây cáp phụ thuộc vào bán kính và vị trí vòng dây trên tang không phải là một hàm của góc 

quay động cơ. Để tăng chiều dài cáp được dự trữ, dây cáp có thể được quấn trên các trống trơn hoặc có 

rãnh và đảo chiều bằng vít tự đảo chiều hoặc sử dụng các trống có bán kính thay đổi được [11], [12]. 

Ngoài ra, dây cáp cũng có thể được quấn chồng lên nhau trên các trống ngắn [13]; tất cả những giải pháp 

này là để thu được mối tương quan chính xác giữa chuyển vị của cáp và góc quay động cơ. Tuy nhiên, 

tỷ số truyền K là một hàm của góc tuyệt đối của động cơ, có thể không xác định được tại thời điểm bắt 

đầu nếu không có chế độ lưu vị trí khi ngắt điện, hay khi bán kính tang r thay đổi do quấn nhiều lớp sẽ 

làm thay đổi các giới hạn lực căng khác nhau đối với công suất định mức động cơ nhất định. Giải pháp 

có thể đơn giản hơn và có sẵn trên thị trường đối với hằng số K đã biết là sử dụng một tời nâng dạng hệ 

ròng rọc và một bộ truyền động tuyến tính để điều khiển nó [14], tuy nhiên, giải pháp này làm tăng kích 

thước, tăng độ mòn cáp do ma sát khi lưu trữ cáp dài. 

Qua các khảo sát cho thấy, CDPR có tiềm năng phát triển lớn, tuy nhiên vẫn chưa có một nghiên cứu 

chi tiết về việc thiết kế và tính toán bộ tời phân phối cáp hoàng chỉnh theo các yêu cầu cụ thể, cũng như 

tích hợp cơ cấu đo lực căng cáp phục vụ quá trình điều khiển. Do đó, nghiên cứu này tập trung vào việc 

thiết kế, tính toán và mô phỏng bộ tời phân phối cáp sử dụng cho các cấu hình robot cáp khác nhau với 

tải trọng tối đa là 500N, chiều dài lưu trữ cáp là 20m. Đóng góp chính của nghiên cứu là thiết kế cấu 

trúc bộ tời phân phối cáp tích hợp thiết bị đo lực căng cáp, xây dựng mô hình toán biểu diễn mối liên hệ 

giữa chiều dài cáp và góc quay động cơ truyền động, kết quả này được áp dụng để xây dựng bộ điều 

khiển và mô phỏng trên một cấu hình CDPR để đánh giá sự phù hợp của mô hình nghiên cứu. 

2. Thiết kế hệ thống phân phối cáp 

Cơ cấu phân phối cáp cho các CDPR có nguyên lý tương tự như các bộ tời nâng hạ vật, biến chuyển 

động quay ở trục động cơ thành chuyển động tịnh tiến của dây cáp. Khác với các bộ tời chuyên dụng, 
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chiều dài dây cáp nâng hạ được điều chỉnh trực tiếp từ người vận hành, cơ cấu phân phối cáp phải được 

điều khiển chiều dài và vận tốc của cáp truyền động một cách chính xác theo các bài toán quy hoạch 

quỹ đạo cho trước. Do đó, việc thiết kế và tính toán hệ thống phân phối cáp phải thỏa mãn các yêu cầu 

sau: thứ nhất, có khả năng phân phối cáp với độ chính xác về vị trí, vận tốc và đáp ứng tải trọng cho 

trước; thứ 2, có thể lưu trữ số lượng cáp nhất định, tùy theo kích thước của CDPR; thứ 3, có cơ cấu đo 

lực căng cáp phục vụ quá trình điều khiển.  

 

Hình 1. Thiết kế bộ tời phân phối cáp 

Trong nghiên cứu này, bộ tang cuốn phân phối dây cáp bằng thép được thiết kế như trên hình 1. Để 

các dây cáp không bị rối trong khi quấn và xả dây, một cơ cấu phân phối hỗ trợ dẫn hướng dây cáp được 

thiết kế như hình 2, trên đó có tích hợp một cảm biến lực (loadcell) dùng để đo lực căng của dây cáp. 

Bộ dẫn hướng bao gồm: Một thanh vít me đường kính 20mm, bước 5mm; Hai thanh dẫn hướng đường 

kính 16mm; Bộ gá đai ốc vít me, đai ốc thanh dẫn; Loadcell (100kg) để đo lực căng dây cáp do tải trên 

đầu công tác tác động về bộ điều khiển. Bộ dẫn hướng được truyền động thông qua bộ truyền đai răng 

được đặt ở cuối trục tang. Để dây cáp cuốn vào và xả ra không bị chùng, tang cuốn cáp được thiết kế 

các rãnh định hướng cáp với bước rãnh phù hợp với sự dịch chuyển của bộ dẫn hướng bằng vít me và 

bộ truyền đai. Với tải trọng yêu cầu 50kg và trữ được 20m dây cáp, so sánh với bảng thông số cáp theo 

tiêu chuẩn thì chọn cáp 4mm là phù hợp. Do bộ phân phối cáp và tang cuốn cáp hoạt động đồng bộ với 

nhau, vít me có bước răng p1 = 5 , bước trên tang cuốn cáp p2 = 5 nên ta chọn tỉ số truyền cho tang và 

vít me k = 1. 

 

Hình 2. Thiết kế bộ dẫn hướng cáp và chi tiết gá đai ốc và cảm biến lực 

Chu vi một vòng tang cuốn dây cáp: 

( ) (100 4) 104 (mm)TC D d        (1) 
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Trong đó, CT là chu vi tang quấn cáp (mm), D là đường kính tang quấn cáp (mm),  d là đường kính 

cáp (mm) 

Số vòng dây cần quấn được để đạt được 20m: 

320 10
61.21

104T

L
N

C 


   (Vòng) (2) 

Với L là chiều dài tối đa tang có thể trữ được (m) 

Chiều dài cần thiết của tang cuốn cáp: 

61.21 5 306( )TL N b mm      (3) 

Trong đó, LT là chiều dài tang cuốn cáp (mm), b là bề rộng mỗi bước răng trên tang cuốn cáp (mm). 

3. Mô hình truyền động CDPR 

Tang Bộ phận 

truyền động

Cơ cấu đo lực 

căng

Bệ di động

Puly

Puly
Động cơ

lhpi

lpi

b

qi

Vi trí home {qhi,lhi}

+

-

Tm

T

T

 

Hình 3. Sơ đồ truyền động của Robot cáp và hệ thống phân phối cáp 

Hình 3 cho thấy sơ đồ truyền động của cơ cấu phân phối cáp CDPR, chiều dài cáp là biến đầu vào 

điều khiển được xác định bởi các tham số thiết kế tương ứng và quỹ đạo của bệ di động, mô hình toán 

liên quan được trình bày trong các nghiên cứu [7], [15], chiều dài thực tế của cáp phản hồi về bộ điều 

khiển khi hoạt động được đo từ encoder. Để xác định mối liên hệ giữa chiều dài cáp và góc quay động 

cơ, một vị trí cố định trong không gian làm việc CDPR được lấy làm chuẩn với các chiều dài cáp được 

xác định trước, có thể coi đây là vị trí Home với các tham số ban đầu {qhi, lhi}. Từ vị trí này, chiều dài 

tuyệt đối của li cáp {i=1,…,n} tương ứng với góc quay của động cơ qi (độ) có thể được tính theo các 

công thức sau: 

2 2 2

( )( ) ( )
360

bti

i hi i hi i hi ci

mi

d b b
l l q q q q k

k

  
    

 

(4) 

2 2 2

360

bti

ci

mi

d b b
k

k

  


 

(5) 

2 2 2
c

( ) ( )360i hi i hi mi
i hi

i bti

l l l l k
q q

k d b b

 
  

 
 

(6) 

trong đó:      

li: chiều dài không quấn trên tang của cáp thứ i (mm) 
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lhi: chiều dài cáp tại vị trí Home (mm) 

kmi: tỷ số tuyền hộp giảm tốc từ động cơ đến trang trống 

dbti: đường kính bước trống của tời thứ i (mm) 

qi: góc quay của động cơ, với i = 1, . . ., m (độ) 

qhi: góc quay động cơ tại vị trí ban đầu (độ) 

bi: chiều rộng của mỗi rãnh trên tang cuốn cáp (mm) 

Để kiểm tra lực căng trên dây cáp, một cảm biến lực được thiết kế đặt trên bộ dẫn hướng cáp, khi 

đầu công tác có tải trọng sẽ gây ra một lực căng nhất định lên dây cáp. Lực căng dây được giữ nguyên 

giá trị thông qua các ròng rọc định hướng dây cáp. Theo sơ đồ hình 3, lực căng của dây cáp được tính 

bằng công thức: 

2

mT
T   (9) 

Trong đó, T là lực căng cáp, Tm là lực căng cáp đo được từ cảm biến lực. 

Từ bài toán động lực học được phân tích trong [15]-[16], mô hình động lực học của động cơ truyền 

động cơ cấu phân phối cáp được biểu diễn theo công thức sau: 

Cm mq q qv sΓ I + f + f sign( ) K τ   (10) 

Trong đó Im ∈ Rm×m là ma trận biểu diễn quán tính của động cơ, tang quấn cáp và và các bộ phận 

quay khác, fv ∈ Rm×m và fs ∈ Rm×m là ma trận đường chéo của hệ số ma sát nhớt và ma sát khô tương ứng, 

KC = diag (kc1, · · ·, kc8) ∈ Rm×m là ma trận hệ số truyền động bao gồm tỷ số truyền hộp giảm tốc, đường 

kính tang và bước trống, và Гm∈ Rm là véc tơ mômen của động cơ truyền động. Từ công thức (10) với 

các điều kiện biên về tải trọng, gia tốc và vận tốc dây cáp, công suất động cơ và hộp giảm tốc được tính 

toán và lựa chọn.  

4. Mô phỏng và đánh giá 

Khung cố định

Bệ di động

Bộ tời 

Điểm mắc 

cáp di động

Điểm mắc 

cáp cố định

Động cơ

Dây cáp

Puly dẫn hướng

Hộp giảm 

tốc

 

Hình 4. Robot cáp cấu hình song song  

Mô hình thiết kế của bộ tời phân phối cáp được mô phỏng trên một CDPR 6 bậc tự do truyền động 

bởi 8 dây cáp (8 bộ tời) được thiết kế để di chuyển vật nặng. Hình 4 mô tả cấu trúc của CDPR trong 

ứng dụng này và các mô hình toán của hệ thống được xây dựng trong các  công thứ từ (4-7), (10) và 

trong nghiên cứu [15]. Với quỹ đạo mô phỏng đường tròn bán kính r = 1 (m); đường tròn nằm trên mặt 

phẳng XY với z = 1000 mm, và được chia thành nhiều điểm nút. Một thuật toán được thiết kế để kiểm 
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tra xem các tọa độ này có nằm trong vùng làm việc của CDPR hay không (thỏa mãn phương trình cân 

bằng lực). Nếu quỹ đạo là có thể thực hiện được, dữ liệu tọa độ này sẽ được đưa vào thuật toán để tìm 

các giải pháp phân bố lực căng cáp tương ứng, quỹ đạo và vận tốc khớp cũng được tính toán theo cấu 

hình CDPR.  

 

Hình 5. Đáp ứng mô phỏng 8 bộ tời cho nội suy đường tròn bán kính r = 1m 

a) 

b) 

c) 

d) 
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Hình 5 biểu diễn kết quả mô phỏng tương ứng quỹ đạo nội suy đường tròn với bán kính r = 1m.  

Hình 5a là chiều dài của 8 sợi cáp hay quỹ đạo khớp tính toán tương ứng với quỹ đạo điều khiển, các 

biến khớp có dạng liên tục dọc theo quỹ đạo điều khiển, cho thấy tất cả các điểm nút đều nằm trong 

không gian hoạt động khả thi (WFW) [1]. Chiều dài cáp thay đổi từ 3600mm đến 6000mm nằm trong 

thông số thiết kế của tang trữ cáp. Hình 5b là đáp ứng các góc quay động cơ theo các biến chiều dài cáp 

tương ứng, một số góc quay có giá trị âm do quỹ đạo hoàn toàn nằm phía trên vị trí Home, giá trị của 

góc quay của các động cơ phù hợp với quỹ đạo khớp tương ứng, các đáp ứng góc quay động cơ cũng có 

dạng liên tục và thay đổi trong khoảng từ -5x104 đến 3x104 (độ). Hình 5c là vận tốc của các động cơ 

tương ứng, kết quả tính toán cho thấy các vận tốc động cơ dao động trong khoảng ±80000/s tương ứng 

±1333 vòng/phút, các giá trị này nằm trong khoảng vận tốc thiết kế của các động cơ AC Servo, dấu của 

vận tốc thể hiện chiều quay của động cơ trong quá trình quấn cáp hoặc xả cáp. Hình 5d là biểu đồ biểu 

diễn các lực căng cáp tương ứng dọc quỹ đạo thiết kế, đây là bài toán quan trọng trong quá trình điều 

khiển CDPR, đối với cấu hình có 2 cáp dự phòng, một giải thuật tính toán phù hợp để tối ưu các giải 

pháp phân bố lực căng cho quỹ đạo điều khiển [3], [15] đã được tích hợp vào trong bài toán thiết kế quỹ 

đạo, kết quả tính toán cho thấy tất cả các lực căng được tính toán đều nằm trong vùng giới hạn cho trước 

và lớn hơn 0, điều này cho thấy tất cả các dây cáp đều hoạt động ở trạng thái căng với lực căng dương 

và không vượt quá giới hạn tải trọng của động cơ thiết kế. 

Thông qua kết quả mô phỏng tính toán ở hình 5 cho thấy, thiết kế và mô hình tính toán của cơ cấu 

phân phối cáp đáp ứng được yêu cầu thiết kế ban đầu về tải trọng, khả năng lưu trữ cáp, tốc độ kéo thả 

cáp. Trong đó đáp ứng góc quay và vận tốc gốc của động cơ truyền động đã được tính toán trực tiếp từ 

quỹ dạo khớp (chiều dài và vận tốc dài cáp truyền động). Đặc biệt lực căng cáp luôn nằm trong giới hạn 

cho phép với tải trọng 500N, trong đó, các giá trị các lực căng cáp lớn nhất đều không vượt quá 220N, 

điều này cho thấy ưu điểm của các CDPR trong việc phân tán tải trọng của các dây cáp truyền động, qua 

đó có thể giảm công suất cơ cấu chấp hành bằng cách tối ưu giải thuật phân phối lực căng cáp, trong khi 

vẫn đảm bảo được tải trọng yêu cầu. 

5. Kết luận 

Bài báo đã trình bày kết quả thiết kế và tính toán bộ tời phân phối cáp tích hợp cơ cấu đo lực căng 

cáp sử dụng cho CDPR, bộ tời có khả năng phân phối dây cáp chính xác với tốc độ cao cho yêu cầu điều 

khiển vị trí và quỹ đạo với tải trọng cho trước. Kết quả mô phỏng trên mô hình CDPR 6 bậc tự do truyền 

động bởi 8 dây cáp cho thấy thiết kế và tính toán bộ tời phân phối cáp là phù hợp với yêu cầu điều khiển 

của các CDPR, mô hình tính toán cho thấy quỹ đạo góc quay và vận tốc của động cơ phù hợp với quỹ 

đạo khớp thiết kế, các giá trị hoạt động của động cơ đều nằm trong vùng cho phép. Đặc biệt là các giá 

trị lực căng tính toán đều dương và nằm trong giới hạn hoạt động của động cơ. Kết quả này có thể làm 

cơ sở tham khảo cho việc thiết kế tính toán bộ tời phân phối cáp, triển khai chế tạo, thử nghiệm và ứng 

dụng truyền động cho các CDPR. Các công việc tiếp theo bao gồm chế tạo và thực nghiệm các bộ tời 

phân phối cáp trên CDPR, đánh giá độ chính xác và khả năng kết hợp của nhiều bộ tời cho các cấu hình 

CDPR phức tạp, nghiên cứu ảnh hưởng của độ đàn hồi của các cơ cấu truyền động và độ võng cáp đến 

độ chính xác của CDPR có kích thước và tải trọng lớn. 
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